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Abstract

The distinctive architectural features of normalizing flows (NFs), notably bijectivity and
tractable Jacobians, make them well-suited for generative modeling. Invertible neural net-
works (INNs) build on these principles to address supervised inverse problems, enabling
direct modeling of both forward and inverse mappings. In this paper, we revisit these
architectures from both theoretical and practical perspectives and address a key gap in
the literature: the lack of theoretical guarantees on approximation quality under realistic
assumptions, whether for posterior inference in INNs or for generative modeling with NFs.

We introduce a unified framework for INNs and NFs based on variational unsuper-
vised loss functions, inspired by analogous formulations in related areas such as generative
adversarial networks (GANs) and the Precision-Recall divergence for training normalizing
flows. Within this framework, we derive theoretical performance guarantees, quantifying
posterior accuracy for INNs and distributional accuracy for NFs, under assumptions that
are weaker and more practically realistic than those used in prior work.

Building on these theoretical results, we conduct extensive case studies to distill general
design principles and practical guidelines. We conclude by demonstrating the effectiveness
of our approach on a realistic ocean-acoustic inversion problem.
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1 Introduction

Recently, machine learning approaches, particularly those based on deep neural networks,
have emerged as effective alternatives to conventional inverse problem solvers. Among
these, invertible neural networks (INNs) (Ardizzone et al., 2018) stand out due to their
ability to model complex, non-linear relationships while ensuring invertibility between in-
put and output spaces. INNs offer advantages such as bijectivity and computationally
tractable Jacobians, which make them particularly suitable for solving inverse problems,
where both forward and inverse mappings need to be computed accurately and efficiently.
INNs have been applied for solving inverse problems in various fields, including epidemiol-
ogy (Radev et al., 2021), astrophysics (Ardizzone et al., 2018), optics (Luce et al., 2023),
geophysics (Zhang and Curtis, 2021; Wu et al., 2023), and reservoir engineering (Padman-
abha and Zabaras, 2021).
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Figure 1: INNs can be represented by an in-
vertible map T that approximates the rela-
tion from the input X ∈ Rdx to the output
Y ∈ Rdy and a latent variable Z ∈ Rdx−dy .
The invertibility of T means that for any
y ∈ Rdy , we also have an approximate pos-
terior sampling distribution via T−1(y, Z).

The name INN in the literature has been
used to refer to supervised models trained
to solve inverse problems, where the train-
ing loss involves a supervised loss (to model
observed outputs) as well as an unsuper-
vised component (Ardizzone et al., 2019;
Guan et al., 2024; Ardizzone et al., 2018;
Hagemann and Neumayer, 2021). There ex-
ists a related class of models based on sim-
ilar architectural principles, referred to as
normalizing flows (NFs), which are primar-
ily used for unsupervised density estima-
tion and generative modeling (Papamakar-
ios et al., 2021, 2017; Gomez et al., 2017;
Kingma and Dhariwal, 2018; Dinh et al.,
2014). For ease of exposition, we also use this convention and distinguish between INNs
and NFs based on the existence of the supervised loss in the training process.

A typical inverse problem can be described as follows: We are given a dataset D =
{(Xi, Yi) ∈ Rdx+dy}ni=1 consisting of n input-output pairs, where Xi ∈ Rdx is the input
feature vector and Yi ∈ Rdy is the target vector, from a joint distribution (X,Y ) ∼ PX,Y .
Usually we have dx ≥ dy representing some inherent information loss in a measurement
process (forward map). This joint distribution can be decomposed into a prior PX and a
possibly randomized transformation PY |X representing the forward process. The general
goal of the Bayesian approach to inverse problems (Stuart, 2010; Dashti et al., 2012) is
to learn or approximate the posterior distribution PX|Y given the data D. As depicted
in Figure 1, the approach taken by INNs to achieve this goal is to incorporate an additional
latent output variable, denoted by Z ∈ Rdz where dz = dx − dy. This latent variable is
designed to represent information related to X that is not contained in Y , and its distribu-
tion PZ is selected by the data analyst (Hagemann and Neumayer, 2021). An INN consists
of a map T ≡ (Ty, Tz) : Rdx → Rdy×dz that is continuous and invertible with a continu-
ous inverse, and usually they are also assumed to be continuously differentiable to enable
gradient based training procedures. Let T denote an appropriate parametrized collection
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of such functions (we discuss some architectural details in Appendix A.1). The model is
trained by minimizing an objective of the form

T ∗
INN ∈ argminT∈T

(
EXY [∥Ty(X)− Y ∥22] + λD(PY,Z , PY,Tz(X))

)
, (1)

where the two terms correspond to the supervised and the unsupervised (population) losses,
respectively, and λ > 0 is a regularizing constant. In this display, we use D to denote some
divergence or distance measure (such as f -divergence, kernel-MMD, Wasserstein metric,
etc.) between the joint distributions of PY,Tz(X) and PY,Z = PY PZ . The supervised term
encourages the component Ty to approximate the forward map PY |X , while the unsupervised
term matches the joint distribution of PY,Tz(X) with the output-latent variable pair PY,Z .
Crucially, due to the invertibility of T , it is possible to show that under certain conditions,
making these two terms small induces an approximate posterior sampling distribution: for
a given Y = y, the distribution of T−1(y, Z) for Z ∼ PZ is close (in the same divergence
D) to the true posterior PX|Y=y. Note that unlike Hagemann and Neumayer (2021), we
use PY,Tz(X) instead of PTy(X),Tz(X) as the second argument of D(·, ·) to simplify some of
the technical arguments. We expect that our results can be extended to the unsupervised
loss with PTy(X),Tz(X), and we consider this choice in some of our experiments.

In the purely unsupervised setting, the same invertible models reduce to NFs. In par-
ticular, we have access to a dataset D = {Xi ∈ Rd}ni=1, and our goal is to estimate the
distribution PX of these observations. As in the case of INNs, the idea is to introduce a
latent variable Z ∼ PZ , also in Rd, and learn an invertible map T : Rd → Rd that minimizes
some notion of divergence between PZ and the forward map T (X); that is,

T ∗
NF ∈ argminT∈T D(PZ , PT (X)).

By making the divergence between the distributions of Z and T (X) small, the invertibility
of T can be used to establish closeness (in the same divergence) between the distributions
of the inverse map X, and T−1(Z), as desired. Within this formulation, in this paper, we
view NFs as a purely unsupervised variant of the more general class of INNs.

The choice of divergence D in the training objective critically shapes the behavior of
INNs (and NFs) as different choices encourage different behavior in the trained model.
For instance, forward relative entropy (or KL divergence) induces mode coverage behavior,
while reverse relative entropy encourages mode seeking. Jensen-Shannon (JS) divergence
provides a natural compromise between these two extremes (Polyanskiy and Wu, 2025).
Other popular choices include the Wasserstein metrics that are known to provide infor-
mative gradients, and kernel maximum mean discrepancy (MMD) which is an important
instance of the family of integral probability metrics (IPMs) (Sriperumbudur et al., 2012).
In practice, these choices influence not only the final model’s eventual behavior but also the
optimization dynamics, sample quality, and robustness to constraints such as limited data
and architectural constraints.

1.1 Overview of our contributions

We now present an overview of our main contributions, which can be divided into the
proposal of unifying variational framework, theoretical characterization of the quality of
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approximation achieved by the empirical risk minimization (ERM)-based model, experi-
mental case studies that verify and augment the theory, and a real-world ocean acoustic
inversion application.

A unifying framework. The starting point of our work is the observation that a large
class of divergence measures used to define the unsupervised loss term in the INN and NF
training objective admit a variational (or dual) representation. This allows an interpretation
of the training process as a saddle-point optimization problem. While we present the formal
details in Section 3.1, we illustrate the idea using an f -divergence between two distributions
on Rd, denoted by Df (P ∥ Q), which admits the following classical Donsker-Varadhan (DV)
type variational representation (Polyanskiy and Wu, 2025, Theorem 7.26):

Df (P ∥ Q) = sup
g:EQ[f∗(g(X))]<∞

{EP [g(X)]− EQ[f
∗(g(X))]} , where f∗(b) = sup

a∈R
ab− f(a)

denotes the convex conjugate of f (also known as Fenchel conjugate (Rockafellar, 1970)).
With this formulation, the training of an INN given the dataset (augmented with samples
from the latent distribution PZ) D = {(Xi, Yi, Zi) ∼ PX,Y,Z}ni=1, a model class T , and a
“critic class” G ⊂ {g : EQ[f

∗(g(X))] <∞}, can be represented as

T̂n ∈ argminT∈T

 1

n

n∑
i=1

∥Ty(Xi)− Yi∥22 + λ sup
g∈G

 1

n

n∑
i=1

g(Yi, Zi)−
1

n

n∑
j=1

f∗
(
g(Y, Tz(X))

) .

Similar expressions can be obtained for the general family of IPMs, Wasserstein-1 (W1)
metric using Kantorovich-Rubinstein duality (Villani, 2008). We refer to this class of models
as Variational Invertible Neural Architectures (VINA).

Theoretical analysis. In Section 3.2 (INNs) and Appendix B (NFs), we analyze the
quality of the ERM model T̂n under the unified variational framework. In both cases, we
present our results at three “levels”. At the first level (Theorem 1 and Theorem 14), we
state how certain assumptions, such as realizability, uniform learnability, moment bounds,
and representation ability of the critic class can allow us to convert the empirical loss into
a high probability guarantee on the approximation quality of T̂n in terms of the W1 met-
ric (see Remark 4 for justification of this choice). At the next level (Section 3.2.1 and Ap-
pendix B.1), we identify sufficient and more naturally verifiable conditions under which the
requirements of the previous level are satisfied. In particular, we present conditions on
the Rademacher complexity, Lipschitz regularity of the model class, and certain tightness
properties associated with the latent distribution and model class. At the third and final
level (Section 3.2.2 and Appendix B.2), we present a concrete instantiation of a practically
relevant model class (iResNet models), and critic class (norm constrained reproducing ker-
nel Hilbert spaces (RKHSs)), and verify that they satisfy all the conditions obtained at the
previous level.

Unlike existing theoretical guarantees, our results incorporate some practical aspects
of training INNs and NFs. Ardizzone et al. (2018) showed that if a model T achieves
exactly zero population loss (supervised squared error + unsupervised kernel-MMD loss),
then sampling via T−1(y, Z) exactly recovers the posterior PX|y. In practice, however, zero
population loss is seldom achieved. Hagemann and Neumayer (2021) addressed this issue by
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bounding the W1 distance between the true posterior and the estimated posterior in terms
of the population loss (combination of supervised and unsupervised loss). However, their
analysis places a rather strong bounded support assumption on the input and output of the
network, which excludes common choices such as Gaussian latent variables. In this work,
we relax this assumption by only requiring a finite-moment assumption which significantly
broadens the scope of our result to more practical scenarios. In fact, we obtain the first
formal quantification of the quality of the posterior distribution represented by INNs trained
via empirical risk minimization (ERM) in terms of the Wasserstein (W1) metric, and also
discuss how it can be extended to other metrics such as kernel-MMD.

Empirical Results. We then perform a thorough empirical study to deliver practically
useful insights and general design principles that complement the theoretical results men-
tioned above. More specifically, we study the impact of the different design choices involved
in our framework, such as the effect of the choice of divergence / metric, the choice of
the latent distribution, and the prior loss. The key insights obtained from these empirical
evaluations are summarized below.

• In Section 4.1.1, we study the significance of integrating the knowledge of prior distri-
bution on the input space (X = Rdx) into the training of INNs. Our empirical findings
show that employing a well-specified prior can significantly improve the performance
of INNs, but a misspecified can lead to a degradation in the quality of the generated
samples.

• In Section 4.1.2, we compare coupling-based and iResNet architectures using f -
divergence-based unsupervised losses in both forward and backward directions. We
observe that training performance is influenced by multiple factors, including the net-
work architecture, the training procedure, and the capacity of the critic class, with
backward f -divergence losses tending to yield lower inference error. In line with prior
work in the literature (e.g., Behrmann et al. (2019)), coupling-based architectures
demonstrate improved efficiency relative to iResNet-based models.

• In Section 4.1.3, we observe an approximately local U-shaped dependence between latent
dimension and inference performance of INNs. More specifically, as we change the
latent dimension size dz (and appropriately modify dx by padding), we observe that
increasing dimension initially improves results, and then starts degrading, and the
overall trend is multimodal.

• In Section 4.1.4, we investigate the practical aspects of solving inverse problems using
Wasserstein Distance (Villani, 2008). Calculating the Wasserstein distance is com-
putationally challenging and susceptible to the curse of dimensionality (Fournier and
Guillin, 2015). Here, we deploy the entropic estimate of the Wasserstein distance
(W2), both Sinkhorn approximation(Cuturi, 2013) and Sinkhorn divergence (Peyré
et al., 2019), as a metric within our training process. We observe that lower entropic
regularization improves sample quality but increases training time for both Sinkhorn
Divergence and Sinkhorn approximation of Wasserstein Distance, while Sinkhorn di-
vergence demonstrates greater stability than the Sinkhorn approximation.
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• In Section 4.1.5, we study the effect of the support of the latent distribution when
training with the KL divergence and the Sinkhorn divergence. It is well known that
f -divergences perform poorly when the two distributions are mutually singular(Zhang
et al., 2019, 2020), while Wasserstein distances can provide informative gradients even
when supports do not overlap because it reflects the underlying geometric cost. Our
empirical observations in this section validate this hypothesis, and the models trained
with the Sinkhorn divergence were more robust to mismatch between the supports of
the latent and prior distributions.

• In Section 4.1.6, we study the relation between the number of finite moments of X,
and the performance of the NF model. As predicted by our theoretical results, we find
that as the number of finite moment of X increases, theW1 distance between the true
and estimated distributions decreases.

Overall, our exploratory experiments in Section 4.1 provide empirical validation of some
of the theoretical predictions of Section 3, and also provide some general practical insights
in training invertible architectures.

Ocean-Acoustic Application. To demonstrate the practical relevance of our approach,
we employ the insights gained from the exploratory experiments in Section 4.1 to the
ocean–acoustic inversion setting of the SWellEx-96 experiment conducted off the coast of
San Diego near Point Loma (Yardim et al., 2010; Meyer and Gemba, 2021). Geoacoustic
inversion (GI), as demonstrated in the SWellEx-96 study, is a challenging and computation-
ally intensive problem (Dosso and Dettmer, 2011; Huang et al., 2006; Chapman and Shang,
2021). This paper utilizes synthetic data to simplify the task for the initial application of
an INN-based framework. These preliminary studies revealed that the latent-space dimen-
sionality plays a critical role in estimating the posterior, and that physically meaningful
priors, such as uniform priors for uncertain quantities like sound speed, improve stability.
We demonstrate that invertible architectures can offer a favorable computational trade-off
relative to likelihood-based MCMC sampling for GI, in which likelihood evaluations rely on
repeated calls to the forward model KRAKEN (Porter, 1992). Although no method is uni-
versally best, moving this computational burden offline into training enables a pre-trained
INN to support rapid, near-real-time posterior inference at test time.

To summarize, our work advances both the theory and practice of invertible neural
architectures. We provide a first unified ERM analysis of invertible models that provides
explicit bounds (in W1 metric) on the quality of approximation achieved by the trained
model under realistic moment and capacity assumptions. Through concrete instantiations
we show that these conditions are satisfied by practically useful models, and finally we
implement a series of empirical case studies and apply our ideas to a real-world ocean-
acoustic inversion problem.

1.2 Organization of the paper

The remainder of the paper is organized as follows. We present a thorough review of
the related work in Section 2, and then recall some background on the architecture and
training details of existing invertible models. We present our main results in Section 3, and
in particular, propose our variational training strategy in Section 3.1 and derive theoretical
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results for INNs in Section 3.2. Also, we extend our theoretical analysis to variational
NFs in Appendix B. We then move on to the empirical part of the paper in Section 4.
In particular, in Section 4.1 we present a series of observations about the effect of various
design choices on the performance of invertible models. Some of these observations verify
the theoretical predictions from the previous section (such as the effect of the complexity
of critic class, and the effect of the number of finite moments of the latent distributions),
while others concern important aspects such as the latent dimension, choice of divergence
measure etc. Finally, in Section 4.2, we apply our ideas to a real-world task of ocean-acoustic
inversion.

2 Related Works

Invertible architectures (NFs and INNs): There are numerous ways to achieve in-
vertibility in neural architectures (Tabak and Turner, 2013; Kobyzev et al., 2020; Keller
et al., 2021), such as by using residual connections (Gomez et al., 2017; Jacobsen et al.,
2018; Behrmann et al., 2019), triangularization (Bogachev et al., 2005; Marzouk et al.,
2016; Parno et al., 2016; JM and Welling, 2017), and coupling-based normalizing flows
(e.g., RealNVP Dinh et al. (2016) and Glow Kingma and Dhariwal (2018)). In practice,
coupling-based architecture strikes the right balance between computational efficiency and
expressivity. In fact, under appropriate assumptions, they have been shown to be universal
diffeomorphism approximators (Teshima et al., 2020; Jin et al., 2024).

While NFs were developed largely for tractable density modeling, their supervised vari-
ants INNs have become increasingly popular for solving inverse problems. We explore this
particular direction in Section 4.2. However, INNs (as defined in our paper) are not the
only way to employ invertible neural networks to solve inverse problems. There exist other
approaches, such as using conditional INNs (Ardizzone et al., 2019; Winkler et al., 2019).
Another approach is to use conditional NFs to learn the likelihoods (Papamakarios et al.,
2019), which can be used to estimate posterior by combining it with a prior distribution
using Bayes rule. NFs have also been integrated with sampling-based Bayesian inference,
to combine the advantages of both approaches (Song et al., 2017; Winter et al., 2023; Kruse
et al., 2025), as will be discussed further below.

Our research focuses on INNs, which provide a probabilistic framework for addressing
inverse problems. However, it’s important to recognize the growing popularity of neural net-
works in solving inverse problem. For instance, In non-probabilistic contexts, works Ying
(2022); Fan and Ying (2019); Khoo and Ying (2019) have designed specialized neural ar-
chitectures that embed physical formulation to recover unknown parameters while reducing
the reliance on large amounts of data.

INNs vs. sampling-based Bayesian methods: Conventional Markov Chain Monte
Carlo (MCMC) methods (MacKay, 2003; Brooks et al., 2011; Andrieu et al., 2003; Doucet
and Wang, 2005; Korattikara et al., 2014; Kungurtsev et al., 2023; Atchadé and Rosenthal,
2005) are widely used for sampling from complex probability distributions, including pos-
terior distributions arising in inverse problems (Geweke, 1989). From a pushforward view-
point, MCMC defines a Markov transition kernel with the target posterior as its stationary
distribution; under standard ergodicity conditions, the chain converges asymptotically to
the exact posterior. However, standard likelihood-evaluation-based MCMC methods often
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require substantial computational time to achieve adequate sampling (Roy, 2020; Jones and
Qin, 2022), which becomes a bottleneck, particularly in inverse problems where the forward
process is computationally expensive to evaluate. Likelihood-free MCMC variants exist but
can be substantially more computationally demanding in practice (Beaumont, 2019).

On the other hand, invertible generative models parameterize an invertible map that
pushes a simple base distribution to an induced (learned) distribution that approximates the
target distribution. When the Jacobian determinant is tractable, this learned distribution
can be evaluated exactly via the change-of-variables formula. In context of inverse problem,
once an INN is trained, approximating the posterior involves running the network in re-
verse, which is computationally inexpensive. We demonstrate that invertible architectures
can offer a favorable computational trade-off relative to repeated likelihood-evaluation-based
MCMC sampling for a practical inverse problem. This speedup comes from shifting compu-
tation offline into training. In fact, under appropriate assumptions, INNs can even perform
in amortized settings, where a model trained extensively can generalize effectively to new
instances without retraining (Radev et al., 2023, 2021).

Since practically relevant performance guarantees on invertible architecture are scarce
in literature (we discuss some existing results later in this section), Gabrié et al. (2021,
2022); Brofos et al. (2022); Schönle and Gabrié (2023) have incorporated NFs to char-
acterize the proposal distributions of MCMC methods, thereby accelerating convergence
in practical tasks, while retaining theoretical guarantees for MCMC convergence. In this
work, we establish error bounds for our proposed class of invertible models under appropri-
ate assumptions, providing theoretical characterizations of posterior accuracy for INNs and
generative accuracy for NFs. Taken together, our results clarify when offline-trained invert-
ible maps with controlled approximation error can replace repeated online likelihood-based
Monte Carlo sampling.

Posterior sampling in high dimensions is often computationally challenging (Montanari
and Wu, 2023), and there is no universally best configuration for these problems. As demon-
strated in our empirical studies, INNs exhibit sensitivity to several design and optimization
choices such as the learning rate and architectural configuration. To address this, in our
cases studies, we employed tree-structured Parzen estimator (Bergstra et al., 2011) to
search for promising hyperparameters including: the size of the subnetworks, the latent
dimensionality, and the number of coupling layers.

Unsupervised loss: The choice of training objective critically shapes the behavior of
INNs as these models are trained through optimization. INNs were initially trained using
MMD (Ardizzone et al., 2018), which only requires samples and avoids the need for explicit
density modeling. However, due to challenges such as poor scaling in high dimensions and
sensitivity to kernel choice (Ramdas et al., 2015), negative log-likelihood (NLL) (Dinh et al.,
2016) has become more prevalent in recent INN architectures (Ren et al., 2020; Kruse et al.,
2021). The use of NLL can be justified as an approximation of training by minimizing the
KL-divergence (Kingma et al., 2019; Papamakarios et al., 2021). Training an INN using
NLL in the literature is based on making assumptions about the distribution of the output
samples, for instance Gaussian distribution has been used in prior work (Ren et al., 2020;
Kruse et al., 2021). In this paper, we eliminate the need for such distributional assumptions
by relying solely on samples and leveraging the variational formulation of f-divergences, as
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introduced by Nguyen et al. (2010) and follow-up works (Nowozin et al., 2016; Ruderman
et al., 2012; Ke et al., 2021).

Our approach is inspired by analogous formulations in related domains, such as gener-
ative adversarial networks (GANs) (Goodfellow et al., 2014; Nowozin et al., 2016), Flow-
GAN (Grover et al., 2018) and the Precision-Recall divergence for training NFs (Verine
et al., 2023). To train invertible architectures, we take a unified look at the usage of a class
of variational distance metrics over the space of probability measures, such as IPMs (Sripe-
rumbudur et al., 2012), which include the MMD (Li et al., 2017) and Wasserstein met-
rics (Arjovsky et al., 2017; Coeurdoux et al., 2022), and the f -divergence family (Csiszár,
1967; Arjovsky and Bottou, 2017), and we study its implication in supervised inverse prob-
lems (variational INN) and in unsupervised generative modeling tasks (Variational NF).
Training based on the variational representation of f-divergence enables stronger theoretical
guarantees. By extending and unifying the results of Nguyen et al. (2010) and Hagemann
and Neumayer (2021), we derive new convergence bounds for INN that are both tighter and
hold under weaker assumptions than prior work. In particular, Hagemann and Neumayer
(2021, Theorem 2) establish an approximation guarantee for the posterior distribution of
an INN represented by a homeomorphism T in terms of the error bounds on the supervised
and unsupervised losses. Our results extend their result in two main ways: first we relax a
strong requirement of bounded observations imposed by Hagemann and Neumayer (2021)
that omits usual choices like Gaussian latent distributions, and second, we analyze the per-
formance of a data-driven model T̂n trained using an ERM strategy, unlike Hagemann and
Neumayer (2021) who work with a fixed T satisfying certain approximation guarantees.

Latent distribution: It is well established that the structure and topology of the latent
space play a crucial role in the accuracy of generative models (Gurumurthy et al., 2017;
Bevins et al., 2023; Stimper et al., 2022; Laszkiewicz et al., 2021; Hickling and Prangle,
2024; Fadel et al., 2021). While the most commonly used latent distributions for INNs
is the standard Gaussian distribution (Ardizzone et al., 2018), the works in Behrmann
et al. (2021); Hagemann and Neumayer (2021) shows that a simple Gaussian prior is often
insufficient for multimodal problems and choosing a suitable latent distribution can improve
robustness. In this paper, we study the effect of size of latent variable and support set of
this variable in performance of INN.

A selective discussion of the existing architectural choices and design of INNs is provided
in Appendix A.1.

3 Main Results

We begin this section by presenting a general unsupervised training cost for variational
invertible neural architecture (VINA) in Section 3.1. As mentioned earlier, this formulation
unifies several commonly used cost functions in the literature. For simplicity we focus our
presentation in Section 3.1 for the case of INNs, but we then illustrate how it naturally
applies to NFs in Appendix B.
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Table 1: Definitions of important acronyms.

NF normalizing flow INN invertible neural network

IK inverse kinematics BNN Bayesian neural network

NLL negative log-likelihood MMD maximum mean discrepancy

ERM empirical risk minimization KL Kullback-Leibler

JS Jensen-Shannon IPM integral probability metric

SL supervised loss USL unsupervised loss

GAN generative adversarial network GI Geoacoustic inversion

3.1 Variational unsupervised loss (USL)

Our main methodological contribution in this paper begins with the observation, also used
in priors works such as Nowozin et al. (2016); Zhang et al. (2019); Grover et al. (2018), that
several commonly used statistical divergence measures used in generative modeling admit
variational representations. More specifically, with T : Rdx → Rdy × Rdz denoting an INN,
we wish to minimize some divergence of the form

Dϕ(PY,Z , PY,Tz(X)) = sup
g∈Gϕ

E [ϕ(g,X, Y, Z, T )] ,
emp. loss
=⇒ L̂ = sup

g∈Gϕ

1

n

n∑
i=1

ϕ (g,Xi, Yi, Zi, T ) .

(2)

Here Gϕ denotes some class of functions, usually from X = Rdx to R, and we will refer
to it as the “critic class” following the convention used in the generative adversarial net-
work (GAN) literature (Goodfellow et al., 2014). In practice, this class can be represented
by machine learning models such as neural networks, or more analytically tractable classes
such as RKHSs. Our theoretical results in the next two subsections explore the trade-offs in-
volved in choosing more expressive Gϕ and approximation guarantees. For different choices
of (ϕ,Gϕ), the above formulation recovers various popular loss functions such as relative
entropy (and more generally, the f -divergence family), kernel-MMD (and more generally,
the IPM family), energy distance, and the Wasserstein metric. Besides the conceptual
unification, this approach also allows us to obtain theoretical guarantees on the approxi-
mation performance of INNs trained via empirical risk minimization strategy, as we discuss
in Section 3.2 for INNs (and in Appendix B for NFs).

Before proceeding further, we recall two important family of distance or divergence
measures that are realizations of (2). The first class of distance metrics are the IPMs,
which for some function class G that is closed under negation (i.e., if g ∈ G, then so does
−g), are defined as

IPM(PY,Z , PY,Tz(X)) = sup
g∈G

E [g(Y, Z)− g(Y, Tz(X))]

which corresponds to ϕIPM(g, x, y, z, T ) = g(y, z)−g(y, Tz(x)). Perhaps the most important
element of the IPM family is the kernel-MMD metric, where the critic class (also known

10
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as the witness class) is the unit norm ball RKHS associated with a positive-definite kernel
k : X × X → R. An immediate consequence of the reproducing property of such G is that
for square integrable kernels, we have

MMD(PY,Z , PY,Tz(X)) = ∥µPY,Z
− µPY,Tz(X)

∥k, where µP =

∫
k(x, ·)dP (x),

is referred to as the kernel mean-embedding of a distribution P , ∥ · ∥k denotes the RKHS
norm, and

∫
above is a Bochner integral. This leads to a very natural interpretation

of MMD metric between two distributions P and Q: it is the distance (as measured by
the RKHS norm) between the two representative elements µP and µQ associated with
the two distributions. Other important IPMs include the total variation distance, and the
Wasserstein 1 metric (also known as the earth-mover distance), which by using Kantorovich-
Rubinstein duality (Theorem 1.14 Villani (2021), and Theorem 11.8.2. Dudley (2018)) can
be represented as an IPM associated with the class G of 1-Lipschitz functions.

The second important class of divergence measures captured by (2) is the family of
f -divergences. For any convex, lower semicontinuous f : (0,∞) → (0,∞) with f(1) = 0,
the f -divergence between PY,Z and PY,Tz(X), assuming that PY,Z ≪ PY,Tz(X), is defined as

Df (PY,Z ∥ PY,Tz(X)) =

∫
qT (y, Tz(x))f

(
pY,Z(y, z)

pT (y, Tz(x))

)
ν(x, y, z)dxdydz,

where we have assumed that both distributions admit densities pT and pY,Z , with respect
to some common dominating measure ν, for all choices of T in the model class. These
divergence measures are also known to admit the following variational representation

Df (PY,Z ∥ PY,Tz(X)) = sup
g

(E[g(Y,Z)− f∗(g(Y, Tz(X)))]) , (3)

which corresponds to ϕf (g, x, y, z, T ) = g(y, z)−f∗(g(y, Tz(x)). Here, the supremum is over
all measurable g : Y × Z → R make the right-hand side (RHS) well-defined (by avoiding
∞−∞). This implies that if we restrict our attention to any smaller class of functions G, get
a lower bound on the divergence, and this gap (that we later refer to as the variational gap)
decreases by enlarging the critic class G. This fact will play a central role in our analysis in
the next two subsections.

The canonical member of the f -divergence family is the (forward) relative entropy (or
Kullback-Leibler (KL) divergence), with generator function f(u) = u log u. The corre-
sponding ϕ function in (2) is ϕKL(g, x, y, z, T ) = log g(y, z) − g(T (x)) + 1. Other im-
portant f -divergences are the squared Hellinger divergence with f(u) = (

√
u − 1)2 and

ϕH(g, x, y, z, T ) = g(y, z)−g(T (x))/(1−g(T (x))), and the Jensen Shannon divergence with
f(u) = −u(+1) log((1 + u)/2) + u log u and ϕJS(g, x, y, z, T ) = g(y, z) + log

(
2− eg(T (x))

)
.

We now proceed to a discussion of INNs defined using a variational objective as intro-
duced in (2).

3.2 Variational invertible neural networks (V-INN)

Let X = Rdx , Y = Rdy and Z = Rdz , with dx = dy + dz, and suppose we have a dataset
{(Xi, Yi, Zi) ∈ X × Y × Z : 1 ≤ i ≤ n} drawn i.i.d. from the joint distribution PXY Z . Our

11
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goal is to learn an invertible neural network (INN) from a family of homeomorphisms (i.e.,
each T : X → Y × Z is a continuous bijective map with a continuous inverse) using
this training dataset. Each candidate INN T can be decomposed into Ty : X → Y and
Tz : X → Z, and consequently, the INN training process involves population loss functions:

Ly(T ) = EPXY

[
∥Ty(X)− Y ∥22

]
, and Lz(T ) ≤ D(PY,Z , PY,Tz(X)),

where D(P,Q) is an appropriate notion of distance or divergence between probability dis-
tributions P,Q ∈ P(Y × Z). In this section, we will focus on the case of D being an
f -divergence and employ its variational definition stated in (3) within the empirical risk
minimization (ERM) framework. The use of an “≤” instead of “=” when introducing
Lz(T ) above is a consequence of the variational definition with a restricted critic class as
we make precise in (INN4) in Assumption 3.1. More explicitly, we work with a function
class Gn (the “critic class”), and define Lz(T ) as

Lz(T ) = sup
g∈Gn

{EPY Z
[g(Y, Z)]− EPXY

[f∗(g(Y, Tz(X)))]} ≤ Df (PY,Z , PY,Tz(X)). (4)

To train an INN from a family T (i.e., T might represent all INNs with a fixed architecture),
we use the empirical analogs of the population loss terms,

L̂y,n(T ) =
1

n

n∑
i=1

∥Ty(Xi)− Yi∥22, L̂z,n(T ) = sup
g∈Gn

{
1

n

n∑
i=1

g(Yi, Zi)−
1

n

n∑
i=1

f∗ ◦ g(Yi, Tz(Xi))

}
,

where f∗ denotes the convex conjugate of f . The model learned by ERM can then be
defined as

T̂n ∈ argminT∈T L̂y,n(T ) + λL̂z,n(T ), (5)

for some regularization parameter λ > 0. The first loss term (L̂y,n) forces the learned map

T̂n to approximate Y from an input X, while the second loss term (L̂z,n) ensures that the
joint law of (Y, T̂n,z(X)) matches the true joint distribution (Y, Z). Thus, intuitively, if the
sample-size n is large enough, we should expect T̂n to be a good proxy for T ∗, an element
of T that minimizes the population risk:

T ∗ ∈ argminT∈T Ly(T ) + λLz(T ).

The performance of T̂n defined above is governed by two effects: (i) the finite sample effect
caused by the uniform deviations between the empirical objectives L̂y,n and L̂z,n from
their population counterparts; and (ii) the variational or approximation error induced by
restricting the divergence representation to a class Gn. To make the variational loss smaller,
we need to increase the capacity of Gn. However, that also causes the uniform deviations
between the empirical and population losses to increase. Thus, the crucial challenge is to
find the right trade-offs between these two effects to simultaneously drive the overall error
to zero.

For the rest of this section, we follow a three-step roadmap. First, we state a general
result (Theorem 1) that obtains an upper bound on the quality of the posterior approxi-
mation provided by T̂n under a set of high-level assumptions (stated in Assumption 3.1).

12
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Second, we present more concrete, verifiable, sufficient conditions for satisfying the require-
ments of Assumption 3.1 in Section 3.2.1. Finally, we specialize the general theorem to a
specific choice of INN architecture (iRes-Nets in Definition 9) and critic class (RKHS over
truncated domain in Definition 10) using Jensen-Shannon divergence in Section 3.2.2.

We now present the assumptions required for stating the main result of this section.

Assumption 3.1 To analyze the performance of the INN model T̂n defined in (5), we place
the following assumptions:

• (INN1): Realizability and Bi-Lipschitz. There exists a T ∗ ∈ T such that Y =
T ∗
y(X) almost surely (a.s.) and PY,Z = PY,T ∗

z (X), and furthermore

sup
T∈T

{
Lip(T ), Lip(T−1)

}
≤ J <∞.

• (INN2): Uniform Convergence. For any confidence level δ ∈ (0, 1), there exist
deterministic sequences {rn ≡ rn(δ) : n ≥ 1} and {un ≡ un(δ) : n ≥ 1}, with
rn, un → 0, such that the following conditions hold with probability at least 1− δ:

sup
T∈T
|L̂y,n(T )− Ly(T )| ≤ un, and sup

T∈T
|L̂z,n(T )− Lz(T )| ≤ rn.

• (INN3): Moment Bounds. There exists an R <∞, such that the following holds
for some a > 0:

max

{
E[∥(Y,Z)∥1+a], sup

T∈T
E[∥(Y, Tz(X)∥1+a]

}
≤ R.

Here ∥·∥ to denotes the ℓ2 norm, and we use ∥(y, z)∥ as a shorthand for
√
∥y∥2 + ∥z∥2.

• (INN4): Variational Approximation Gap. The function class Gn contains the
0 function for all n ≥ 1, and there exists a vanishing deterministic sequence ηn → 0,
such that

sup
T∈T

Df (PY,Z ∥ PY,Tz(X))− Lz(T ) ≤ ηn.

In other words, we assume that the capacity of the critic class Gn grows with n to
approximate the likelihood ratios of all distributions modeled by elements of T and the
true data distribution PY,Z .

Theorem 1 Suppose Assumption 3.1 holds, and Df satisfies the Pinsker-type inequality
cf
√
Df (P ∥ Q) ≥ TV (P,Q) for all distributions P,Q, and for some constant cf > 0. Then,

for every measurable A ⊂ Y with PY (A) > 0, on the (1 − δ) probability event of (INN2),
we have

W1

(
P

(A)
X , P

(A)

T̂−1
n (Y,Z)

)
≲ (rn + un + ηn)

a
2(1+a) ,

where W1 denotes the 1-Wasserstein metric, P
(A)
X = PX|Y ∈A, P

(A)

T̂−1
n (Y,Z)

= PT̂−1
n (Y,Z)|Y ∈A,

and ≲ suppresses the constant factors and lower order terms. The exact expression of the
upper bound is in (32).
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The proof of this result is in Appendix C.1. Note that the Pinsker-type inequality
TV (P,Q) ≤ cf

√
Df (P ∥ Q) is satisfied by several divergences, such as relative entropy,

Jensen Shannon, Hellinger, and chi-squared divergence.

Remark 2 The result of Theorem 1 is obtained by combining two ingredients: (i) using the
Pinsker-type inequality, we convert the control over the given f -divergence into control over
total variation, and (ii) a truncation argument (Lemma 25) that converts the total variation
into a bound on W1 under just finite (1 + a) moment condition.

One crucial advantage of our result over Hagemann and Neumayer (2021, Theorem 2)
is that we do not impose the bounded support condition on the random variables (X,Y, Z).
The mild (1 + a) moment requirement significantly broadens the applicability of our result,
and in particular, allows us to consider more realistic models used in practice. Additionally,
the dependence on the parameter a quantifies how the heavy tails affect the approximation
quality. We empirically verify this insight in Section 4.1.6.

Remark 3 Although Theorem 1 characterizes the distance between the true (and unknown)
posterior and the INN posterior in terms of W1 metric, we can use existing inequalities to
translate it into other distances. For example, by Sriperumbudur et al. (2010, Theorem 21),

we know that MMD(P
(A)
X , P

(A)

T̂−1
n (Y,Z)

) ≲ W1(P
(A)
X , P

(A)

T̂−1
n (Y,Z)

) for commonly used kernels,

such as the Gaussian and Matérn kernels, and thus Theorem 1 also implies a bound on the
kernel-MMD distance between the true and estimated posteriors.

Remark 4 A closer look at the proof of Theorem 1 reveals several reasons why W1 metric
is the appropriate choice to present the result: (i) By Kantorovich-Rubinstein duality, the
W1 metric is defined via Lipschitz critic functions. This fact coupled with the assumed
bi-Lipschitz structure (INN1) allows us to transfer bounds from posterior distributions
to the forward distributions. (ii) Since W1 is a metric, it satisfies the triangle inequality
which leads to a natural decomposition in the proof into terms that correspond directly to
the supervised and unsupervised training losses. (iii) The Lipschitz formulation of W1 is
exactly what makes our truncation argument(Lemma 25) effective for handling heavy tailed
distributions under a mild (1 + a) moment assumption.

Remark 5 While stating Theorem 1, we only needed to explicitly place a (1 + a) moment
requirement, for some a > 0. However, since Ly consists of squared losses, the existence
of the uniform convergence rates in (INN2) implicitly places a stronger (2 + β) moment
conditions, for some β > 0. We will make this explicit when identifying verifiable sufficient
conditions of these assumptions in Proposition 6.

3.2.1 Verifiable Sufficient Conditions for Assumption 3.1

Theorem 1 gives us a general result that translates uniform convergence and the variational
approximation gap guarantees on the two losses, Ly(T̂n) and Lz(T̂n) into a bound on theW1

metric between the true posterior, and the INN posterior. We now present more easily ver-
ifiable sufficient conditions for the assumptions (INN2)-(INN4) required by Theorem 1,
working under the realizability part of the assumption (INN1). We begin with the usual
characterization of uniform convergence in terms of the Rademacher complexities (see Def-
inition 13 in Appendix A) of the associated function classes.
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Proposition 6 Assume that the critic class Gn consists of uniformly bounded functions;
that is, supg∈Gn

∥g∥∞ ≤ bn, for some bn <∞. Let Fy = {x 7→ ⟨u, Ty(x)⟩ : T ∈ T , ∥u∥ ≤ 1},
and define its Rademacher complexity as

Rn(Fy) = Eϵn,Xn

[
sup
f∈Fy

n∑
i=1

ϵif(Xi)

]
, with ϵn

i.i.d.∼ Rademacher({−1,+1}).

Introduce the two critic class complexities

R(1)
n (Gn) = Eϵn,Y n,Zn

[
sup
g∈Gn

1

n

n∑
i=1

ϵig(Yi, Zi)

]
,

R(2)
n (Gn, T ) = Eϵn,Xn,Y n

[
sup
T,g

1

n

n∑
i=1

ϵig(Yi, Tz(Xi))

]
.

Suppose max{E[∥Y ∥2+β], supT∈T E[∥Ty(X)∥2+β]} ≤ Ry < ∞ for some β > 0, and ΠKn :
Rdy → {y ∈ Rdy : ∥y∥ ≤ Kn} denoting the projection on a ball of radius Kn in Y = Rdy ,
define the projected empirical and population supervised losses:

L̂Kn
y,n(T ) =

1

n

n∑
i=1

∥ΠKn(Ty(Xi))−ΠKn(Yi)∥2, and LKn
y (T ) = E

[
∥ΠKn(Ty(X))−ΠKn(Y )∥2

]
.

Assume that the function f (in fact, its convex conjugate f∗) satisfies

A1,n := sup
|u|≤bn

|(f∗)′(u)| <∞, and A2,n := sup
|u|≤bn

|f∗(u)| <∞. (6)

Then, the following two conditions hold with probability at least (1−δ), for a given δ in(0, 1):

sup
T∈T
|L̂z,n(T )− Lz(T )| ≲ R(1)

n +A1,nR
(2)
n + (bn +A2,n)n

−1/2, (7)

sup
T∈T
|L̂y,n(T )− Ly(T )| ≲ KnRn(Fy) +K2

nn
−1/2 + 4RyK

−β
n , (8)

where ≲ suppresses constants that depend on δ and Ry. Thus, a sufficient condition to
satisfy (INN2) with vanishing sequences of {rn, un : n ≥ 1}, is to select an appropriate
sequence of Kn, bn, and Gn to drive both these terms to 0.

The proof of (7) relies on some standard arguments from empirical process theory (Shorack
and Wellner, 2009), while the justification of (8) requires a combination of symmetriza-
tion and vector contraction along with a truncation argument, and we present the details
in Appendix C.2.

Next, we present a simple result stating that the uniform moment bound required
in (INN3) can be satisfied if the model class T is uniformly Lipschitz. As we will ob-
serve in Section 3.2.2, this condition holds for an important class of INNs.

Proposition 7 Suppose there exist constants J0, J < ∞, such that with ∥ · ∥ denoting the
ℓ2 norm, we have ∥T (x)∥ ≤ J0 + J∥x∥, for all x ∈ X , and for all T ∈ T . Then, assuming
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that E[∥X∥1+a] <∞ for some a > 0, the following uniform moment bounds hold under the
realizability assumption:

max

{
E
[
∥(Y,Z)∥1+a

]
, sup
T∈T

E
[
∥(Y, Tz(X)∥1+a

]}
≤ R, with

R = 22a+1
(
J1+a
0 + J1+aE[∥X∥1+a]

)
.

Proof Since we are working under the realizability assumption, we have (Y,Z)
d
= T ∗(X).

Using the fact that (x + y)p ≤ 2p−1(xp + yp), with p = 1 + a, and the condition that
∥T (x)∥ ≤ J0 + J∥x∥, we have E [∥(Y,Z)∥p] ≤ 2p−1 (Jp

0 + JpE[∥X∥p]). Next, we look at the
term (Y, Tz(X)) and observe that

∥(Y, Tz(X))∥p ≤ 2p−1 (∥Y ∥p + ∥Tz(X)∥p) ≤ 2p−1 (∥(Y,Z)∥p + ∥T (X)∥p)

which implies that

E [∥(Y, Tz(X))∥p] ≤ 2p−1E[∥(Y, Z)∥p] + 22(p−1) (Jp
0 + JpE[∥X∥p])

≤ 2× 22(p−1) (Jp
0 + JpE[∥X∥p]) .

Taking the maximum of the two bounds gives us the required expression for R.

Proposition 8 Introduce the notation P ≡ PY Z and QT ≡ PY,Tz(X), and assume that for
all T ∈ T , we have P ≪ QT . For each T ∈ T , let g∗T denote a maximizer in the definition
of the population Lz(T ) in (4), and let ḡT = clip(g∗T ,−bn, bn) denote its clipped version for
bn > 0. For some Kn > 0, let BKn denote the ball {u ∈ Rdy+dz : ∥u∥ ≤ Kn}, and define
the following terms:

• An approximation error term δn ≡ δn(bn,Kn) defined as

δn ≡ δn(bn,Kn) := sup
T∈T

inf
g∈Gn

{
EP [|ḡT − g|1BKn

] + EQT
[|ḡT − g|1BKn

]
}
.

• The tightness term τ1 ≡ τ1(Kn), and the clipping error term τ2 ≡ τ2(bn), as

τ1(Kn) = sup
T∈T

P (Bc
Kn

) +QT (B
c
Kn

),

τ2(bn) = sup
T∈T

{
EP [(|g∗T | − bn)+] +A1,nEQT

[
(|g∗T | − bn)+

]}
,

where we use (a)+ to denote max{0, a} for any a ∈ R.

Suppose there exists a sequence of {Kn, bn : n ≥ 1} such that

lim
n→∞

{τ2 +A1,nδn + (bn +A2,n) τ1} = 0, (9)

where A1,n and A2,n were defined in (6). Then the variational gap ηn also converges to
zero; that is,

if (9) is true, =⇒ ηn = sup
T∈T
{Df (PX ∥ QT )− Lz(T )}

n→∞−→ 0.
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The proof of this result is in Appendix C.3. The structure of (9) is worth further discussion.
The term δn is a purely approximation property of the critic class Gn, and it enforces the
requirement that every optimal critic function can be approximated in L1 by a bounded
element in Gn with vanishing error. The terms τ1 and τ2 can be interpreted as tail approx-
imation terms: τ1 is controlled by the moment bounds from (INN3), while τ2 depends on
how quickly the tails of the optimal critic function decays with the clipping level bn.

To summarize, the results of this section provide a concrete recipe to apply the more ab-
stract Theorem 1 to a particular instantiation of the variational INN pipeline. In particular,
for a chosen model and critic class pair, it suffices to show that the Rademacher complexities
of the associated function classes decay sufficiently quickly to 0 (Proposition 6), to estab-
lish a uniform bi-Lipschitz property, and through it the moment bounds (Proposition 7),
and show that the critic class and well-approximate the optimal witness function on high
probability regions (Proposition 8). In the next subsection, we illustrate these steps for a
specific variational INN architecture with Gaussian RKHS critic class.

3.2.2 INN Example

In this section, we instantiate our abstract assumptions and conditions from Section 3.2.1
and Assumption 3.1 with a concrete class of INN models and critic function classes. The
main goal of this section is demonstrate the the conditions derived in the previous sections
are satisfied by a non-trivial, reasonably expressive, and practically relevant pair of model
and critic classes. In particular, we show that a residual INN with bounded weights and
biases, trained with a Jensen-Shannon based loss and a Gaussian RKHS critic class, fits
into our framework developed in the previous sections. We begin with a formal description
of the model class.

Definition 9 As before, we assume dx = dy+dz, and for an integer M ≥ 1 and s ∈ (0, 1),
define T : Rdx → Rdx as follows, with Idx denoting the dx × dx identity matrix:

T = (Idx + FM ) ◦ (Idx + FM−1) ◦ · · · ◦ (Idx + F1), Fj(x) :=Wj,2 tanh(Wj,1x+ bj,1) + bj,2,

with the following constraints for all j ∈ [M ] = {1, . . . ,M}:

∥Wj,1∥op ≤ s, ∥Wj,2∥op ≤ s, max {∥bj,1∥, ∥bj,2∥} ≤ B.

For every j ∈ [M ], the matrices Wj,1 and Wj,2 have dimensions dj × dx and dx × dj
respectively, and let H := maxj∈[M ] dj. We split the output coordinates to write T (x) =

(Ty(x), Tz(x)), with Ty(x) ∈ Y = Rdy and Tz(x) ∈ Z = Rdz. It is easy to verify that this
function class is bi-Lipschitz and there exist constants J0, J (depending on M,B, s,H) such
that for all x ∈ X , we have ∥T (x)∥ ≤ J0 + J∥x∥ and ∥T−1(y, z)∥ ≤ J0 + J∥(y, z)∥.

This choice of the INN model class T above is driven by the need for a global bi-Lipschitz
bounds on both the forward and inverse maps. The residual architecture with tanh acti-
vations and the norm constraints on the weight and bias terms provide a convenient way
of controlling global Lipschitz constants. In contrast the popular coupling-based architec-
tures such as RealNVP of Dinh et al. (2014) generally do not admit such global control of
Lipschitz constants. We now present the details of our critic class construction.
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Definition 10 Let kn ≡ kγn denote the Gaussian kernel on Rdy+dz,

kn((y, z), (y
′, z′)) = exp

(
−γn∥(y, z)− (y′, z′)∥2

)
= exp

(
−γn

(
∥y − y′∥2 + ∥z − z′∥2

))
,

and let Hkn denote its RKHS. Fix a radius parameter Kn > 0 and a uniform upper bound
bn > 0 and define the critic class as

Gn =
{
g = h1CKn

: h ∈ Hkn , ∥h∥kn ≤ bn
}
, with CKn = [−Kn,Kn]

dx .

Note that 0 ∈ Gn, and each g ∈ Gn also satisfies ∥g∥∞ ≤ bn due to the reproducing property
and the fact that supx

√
kn(x, x) = 1.

This particular choice of the critic class Gn is chosen as a compromise between analytical
tractability and representation power. The RKHS associated with Gaussian kernels admit
clean bounds on their Rademacher complexity, and are also known to be universal in the
sense that they are approximate any continuous bounded function over compact domains
arbitrarily well in sup norm. These are the exact properties that we need in Proposition 6
to ensure uniform convergence, and in Proposition 8 for controlling the variational approx-
imation gap. The additional truncation on cube CKn by the indicator function is a purely
technical choice: it ensures the uniform boundedness of the critic class while also decoupling
the approximation on CKn from tail events, which can be handled separately via moment
bounds. Furthermore, since the ℓ2-ball BKn used by Proposition 8 is contained in CKn ,
any approximation bound CKn is also valid on BKn . We now present the choice of the
f -divergence to be used for the unsupervised loss.

Definition 11 We will employ a Jensen-Shannon divergence based unsupervised loss in our
INN training. This corresponds to f(t) = x log 2x

x+1 +log 2
x+1 , and f

∗(t) = log(1+et)− log 2
with

A1,n = sup
|t|≤bn

|(f∗)′(t)| ≤ 1, and A2,n = sup
|t|≤bn

|f∗(t)| ≤ log((1 + ebn)/2) ≤ bn.

Having introduced all the main components, we can now present the main result of this
section.

Theorem 12 Let (T ,Gn) denote a pair of model and critic classes as introduced in Defi-
nition 9 and Definition 10 respectively, and define the parameters

Kn =M(s
√
H +B) +

√
dx +

√
2 log n,

γn = K2+ϵ
n for some fixed ϵ > 0,

bn = Cbγ
dx/4
n K2+dx/2

n = CbK
2+dx+

dx
4
ϵ

n .

Then, under the realizability assumption (INN1), and with these choices of the parameters,
the ERM model T̂n defined in (5) satisfies

W1

(
PX|Y ∈A, PT̂−1

n (Y,Z)|Y ∈A

)
= o(1), w.p. at least 1− δ.

In other words, with these parameters, the models introduced above satisfy the sufficient
conditions for (INN2)-(INN4) to hold, as derived in Section 3.2.1.
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The proof of this result is in Appendix C.4.
As mentioned earlier, the purpose of this theorem is to illustrate that our abstract the-

oretical results are applicable to a non-trivial, reasonably realistic variational INN pipeline.
In particular, Theorem 12 demonstrates that one can work with architectures that are ex-
pressive enough to model high-dimensional data and still verify the technical assumptions
required for our posterior accuracy guarantees. Extending our arguments to other classes
of invertible architectures, such as coupling-based flows equipped with appropriate spectral
or Jacobian regularization, is an interesting direction for future work.

4 Empirical Results

In this section, we first present a series of small-scale probing experiments to understand
the effects of various design choices involved in training invertible models (§ 4.1), and then
apply the insights gained to a practically relevant ocean-acoustic inversion problem (§ 4.2).
Our objective in Section 4.1 is two-fold:

• The first objective is to provide empirical support for several theoretical claims derived
from the results of the previous section on INNs and from Appendix B on NFs.
In particular, we investigate the use of the variational USL framework Section 3.1
for training invertible architectures, and we compare the performance of different f -
divergences with that of IPMs. We further analyze the behavior of the forward and
backward training losses when variational f -divergences are employed. Additionally,
we empirically examine the main theoretical result for NFs presented in Appendix B
by studying the relationship between the number of finite moments of X and the W1

distance between the true and the estimated distributions. The observed polynomial
convergence rates are consistent with our theoretical predictions and analogous to the
behavior is established for INNs in Theorem 1.

• The other direction is empirically explore the effects of certain design choices in prac-
tical performance of INNs. This includes the prior loss or reconstruction loss, the
effect of dimensionality of the latent space, and role of the support set, and the effect
of entropy regularization in Wasserstein metric. This empirical analysis complements
the existing literature and providing insights for applied implementations.

The software accompanying this paper is available on GitHub, https://github.com/ananya-
ac/INN-Project.

4.1 Effect of design choices on INN training

As mentioned earlier, in this section, we study the effects of various design choices (such
as prior distribution, latent dimension, entropic regularization parameter, etc.) on the
training of invertible neural networks. Before presenting the empirical studies in detail,
we first clarify two general aspects. First, unless otherwise stated, all case studies were
trained for 10 epochs using a batch size of 512. The model parameters were optimized
with the Adam optimizer with a learning rate of 10−4 and ℓ2 regularization. Second, since
the NLL is a widely adopted loss function for trainingINNs (Dinh et al., 2016; Ren et al.,
2020; Kruse et al., 2021), we incorporate the NLL in our case studies, complementing the
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USL described in Section 3.1 (the relevant definitions are reviewed in Appendix A.2). Also,
as discussed in Section 2, while the Gaussian assumption underlying the computation of
the NLL can be restrictive, we avoid such distributional assumptions by leveraging the
variational formulation of f-divergences.

4.1.1 Effect of prior on training

In this case study, we use the inverse kinematics (IK) framework described next.

Inverse kinematics example: IK is a core problem in robotics, where the objective is
to determine the joint configurations required to achieve a desired end-effector position in
space (Niku, 2020). Efficiently solving this problem is essential for tasks like motion con-
trol, path planning, and real-time manipulation. Traditional methods such as analytical
solutions and numerical optimization often face challenges as the robot configurations be-
come complicated and number of degrees of freedom (DOF) increases. Machine learning
algorithms are increasingly being employed for solving IK problems (Toquica et al., 2021),
with the 4 DOF robot example becoming a standard benchmark in analyzing the analyzing
the practical aspect of training invertible architecture INN (Ardizzone et al., 2018; Kruse
et al., 2021; Hagemann and Neumayer, 2021).

We consider an articulated robotic arm that moves vertically along a rail and ro-
tates at three joints. These four degrees of freedom constitute the parameter vector
X = [X(1), X(2), X(3), X(4)]⊤. The dataset is generated using Gaussian priors defined
as X(i) ∼ N (0, σi), where the standard deviations are specified as σ1 = 0.25 and
σ2 = σ3 = σ4 = 0.5, and the forward kinematic process of the robotics arm is modeled
as

Y (1) = X(1) + l1 sin(X
(2)) + l2 sin(X

(3) −X(2)) + l3 sin(X
(4) −X(2) −X(3));

Y (2) = l1 cos(X
(2)) + l2 cos(X

(3) −X(2)) + l3 cos(X
(4) −X(2) −X(3)),

where the arm segment lengths are given by l1 = 0.5, l2 = 0.5, and l3 = 1.0.

We trained an INN to model the relationship between the joint angles of a robotic arm
and a point in its 2D workspace. All models were trained using the NLL loss formulation for
the INN. The input consisted of 4 variables corresponding to the joint angles of the robotic
arm, and the output was a 2-dimensional vector representing a point in the 2D workspace.

For this case study, we use two different regularization priors: a Gaussian prior and a uni-
form prior. The Gaussian prior represents the correct prior (Normal prior with µ = [0, 0, 0, 0]
and σ = [0.25, 0.5, 0.5, 0.5]) as the data-generation process follows the same Gaussian dis-
tribution. The corresponding prior loss can be computed using the negative log-likelihood,
up to a constant, as follows

pLx =
1

n

n∑
i=1

(T−1(Yi, Zi)− X̃i)
2 .

Here, {X̃i}Ni=1 is the data generated from the input. A uniform prior (Andrle et al., 2021)
also represents an inconsistent with the true distribution. If the input variable ranges from
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a to b (b > a), then the loss term is as follows:

pLx =
1

n

n∑
i=1

(
max(0, T−1(Yi, Zi)− b) + max(0, a− T−1(Yi, Zi))

)
.

Here, a = 0 and b = 1.

(a) No prior (b) Correct Prior,
λ′ = 1

(c) Misspecified Prior,
λ′ = 1

(d) Correct Prior,
λ′ = 100

Figure 2: The four plots illustrate the results of the inverse kinematics case study with
different prior regularizations. (a) shows samples from a model trained without any prior
loss (i.e., with prior weight λ′ = 0). (b) and (c) display samples from models trained
with a prior weight of λ′ = 1. In (b), the model assumes a Gaussian prior over the joint
configuration, resulting in a scaled L2 loss between the ground truth and the generated
samples. In contrast, (c) uses a uniform prior U(0, 1), which is inconsistent with the true
distribution. (d) illustrates results from a model trained with a Gaussian prior, using
λ′ = 100. The cross indicates the true end-effector position. All models were trained using
the NLL loss formulation for the INN.

To demonstrate the effect of incorporating a prior objective during training, the prior
weight λ′ was set to values of 0, 1, and 100. Figure 2 illustrates the effect of incorporating
the prior loss pLx into the training objective. We observe that using a suitable prior, along
with a well-chosen prior weight λ′, leads to more plausible samples. In the context of
the inverse kinematics case study, this corresponds to configurations that keep joint angles
close to zero, resulting in “straighter” arm trajectories, as shown in Figure 2b. Since the
prior had a mean of 0 and a small variance, it led to samples that favored configurations
where the arm positions were straight, with all joint angles close to 0 degrees. However,
when the assumed prior is incorrect, incorporating it into the training objective leads to
inaccurate joint configurations, as seen in Figure 2c. Finally, Figure 2d demonstrates that
when the prior weight λ′ is set too high, even with a suitable prior, the prior loss dominates
the training, resulting in degraded performance and unrealistic outputs. Increasing the
coefficient for pLx highlights this effect further.

We conclude that using prior distribution knowledge in training INNs acts as a form of
regularization by constraining the estimated posterior to align with known distributions. By
incorporating such priors, the model is guided toward more plausible solutions, preventing
it from learning overly complex or irrelevant patterns. Essentially, the prior acts as a form
of bias that encourages the model to explore a more reasonable subset of possible solutions,
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Figure 3: Schematic illustration of how different training paradigms are used to solve inverse
problems in the Gaussian setting. (a) Bayesian neural network for solving inverse problem.
There is supervised cost (SC) between predicted and true x. (b) INN Trained without pLx.
There is unsupervised cost (USC) between predicted and true x. (c) Shows an INN model
trained with pLx, which serves as a reconstruction loss.

leading to robustness in generation tasks. The designers need to navigate the fine line
between Bayesian wisdom and risky assumptions. A well-chosen prior can improve the INN
performance by effectively regularizing the model, and poorly chosen priors can dominate
the results, leading to biased or misleading conclusions.

We conclude this section by discussing the reason behind the importance of prior cost
on training by focusing on the Gaussian case. Fig. 3 compares the training procedure of
Bayesian neural network (BNN), INN, and INN with prior for solving an inverse problem.
The standard direct formulation in BNN depends on a discriminative supervised loss term
on X, which is one motivation for introducing INN for inverse problems (Ardizzone et al.,
2018). In the case of Gaussian distributions, we have demonstrated that pLx can serve as
an effective regularizer by imposing a supervised cost on X. In this case, as demonstrated
in Fig. 3c, training with prior propose a hybrid approach applying both supervised and
unsupervised costs on X. This approach leverages the regularization with prior to enhance
the performance of INN.

4.1.2 Comparison of architectures

This observation compares the performance of INNs on an inverse problem using coupling-
based and iResNet architectures, trained with different variational f-divergences as loss
functions, considering both forward and backward losses. In general, it is challenging to
optimize over all measurable function in the the critic class G, defined in Section 3.1. Hence,
in practice, finite-parameter family of functions are used to approximate the optimal critic
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function. We adopt the method proposed in Nowozin et al. (2016), to approximate the
critic function by a neural network. In this case, we replace the function g in equation (3)
with Vω(x) = gf (V

′
ω(x)), where V

′
ω : X → R denotes a neural network with parameters

ω, and gf is a monotonic activation function (mapping into the domain of f∗). Here, V ′
ω

is implemented as a fully connected network with two hidden layers of size 64 with ReLU
activations (Goodfellow et al., 2016). The function gf is determined by the specific choice
of the f -divergence (Nowozin et al., 2016). For the Kullback–Leibler (KL) divergence, gf
employs an identity activation, i.e., gf (v) = v. In the case of the Reverse KL divergence, the
activation is given by gf (v) = − exp(−v), whereas for the Jensen–Shannon (JS) divergence,
the activation takes the form gf (v) = log(2)− log(1 + exp(−v)).

In this numerical study, we consider the USL in both the backward and forward di-
rections. In the backward direction, we wish to minimize Df (PT−1(Y,Z) ∥ PX) using the
following joint objective function

F(θ, ω) = E[Vω(T−1
θ (Y,Z)]− E[f∗(Vω(X))],

where T−1 and V are parametrized by θ and ω, respectively. In particular, in this case
study, we refer to the following regularized empirical estimation as the backward loss

Lbackward(θ, ω) =
1

N

N∑
i=1

Vω(T
−1
θ (Yi, Zi))−

1

N

N∑
i=1

f∗(Vω(Xi)) +
1

N

N∑
i=1

∥T−1
θ (Yi, Zi)−Xi∥2

(10)
Similarly, in the forward direction, we wish to minimize Df (PY,Z ∥ PT (X)), using the the
objective function

F(θ, ω) = E[Vω(Y,Z)]− E[f∗(Vω(Tθ(X)))]. (11)

Here, the following empirical estimation is called the forward loss

Lforward(θ, ω) =
1

N

N∑
i=1

Vω(Yi, Zi)−
1

N

N∑
i=1

f∗(Vω(Tθ(Xi))) +
1

N

N∑
i=1

∥Tθ(Xi)− (Yi, Zi)∥2 .

The training scheme, which incorporates f-divergences, differs from the configuration
described in the previous section. Unlike models trained with the other cost functions, this
setup includes both a discriminator network and a generator network (cf. Nowozin et al.
(2016)). Both backward and forward losses are obtained by finding the saddle point of
F(θ, ω):

θ∗, ω∗ = argmin
θ

max
ω
F(θ, ω).

Each training epoch includes gradient updates for both the discriminator and the generator,
and both networks were trained using the Adam optimizer with a learning rate of 2× 10−4.

To evaluate the impact of different f-divergences we consider the inverse kinematics
problem, describe in Section 4.1.1, aiming to recover joint parameters from the end-effector
position. We train INN models using each of the previously discussed f-divergence objectives
to investigate their influence on the quality of generated samples. Training performance de-
pends on multiple factors, including the network architecture, and, in this case study, we
consider both coupling-based and residual invertible architectures. Both coupling-based
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Figure 4: Comparison of f -divergence performance for coupling-based and iResNet archi-
tectures in the inverse kinematics case study. The x-axis shows training time and the y-axis
shows ℓ2-distance between true and generated end-effector positions. Ellipses are centered at
the mean values, with horizontal and vertical diameters indicating the standard deviations
in training time and ℓ2-distance. The right and left columns correspond to forward loss (11)
and backward losses (10), respectively. The top row corresponds to the coupling-based ar-
chitecture whereas the figures on the bottom row generated based on iResNet layers.

and iResNet architecture comprise four layers, each with affine transformations parame-
terized by feedforward neural networks with a hidden size of 128. The initial weights of
the network were initialized by sampling values from a standard normal distribution. The
latent dimension was chosen to be 14 for both configurations.

Figure 4 compares the mean square error and the computation times of the f-divergence
losses. We take the mean error over 20 runs of the f-divergences under the given task.
As depicted in this figure, training performance is influenced by many factors, including
the network architecture, forward and backward training, as well as the capacity of the
critic class. Also, different variational formulations of f-divergences may be better suited to
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Figure 5: This diagram illustrates the im-
pact of varying latent dimensions on the
posterior samples. The circular dots repre-
sent the variational formulation of the for-
ward KL divergence and the hollow squares
correspond to the Sinkhorn divergence. The
x-axis shows latent dimension and the y-axis
shows ℓ2-distance between true and gener-
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Figure 6: This diagram illustrates the effect
of entropy regularization on the Wasserstein
distance. The circular dots represent the de-
biased Sinkhorn divergence, while the hol-
low squares indicate the Sinkhorn approx-
imation of the W2 distance. The x-axis
shows training time and the y-axis shows
the ℓ2-distance between true and generated
end-effector positions.

different settings. As shown in Figure 4, the backward loss in equation (10) yields better
performance, and coupling-based designs are more efficient.

4.1.3 Effect of latent dimension in invertible neural networks

To investigate the impact of latent dimension size on training and inference, we train mod-
els with different latent dimensions (which can be tuned by appropriately changing dx by
padding). The loss functions employed are the Sinkhorn divergence and the variational for-
mulation of the forward KL divergence. Also, similar to previous examples, the IK problem
described in Section 4.1.1 is used for this case study. As illustrated in Figure 5, we observe
an approximately local U -shaped relationship between latent dimension and inference per-
formance, where the overall trend is multimodal. Additionally, training with the Sinkhorn
divergence exhibits greater stability compared to the forward KL divergence. While in this
case study we focus on the dimension of latent variable, the work in Hagemann and Neu-
mayer (2021) investigated the number of modes of PZ , demonstrating that parameterizing
PZ in dependence on the labels Y is helpful for obtaining stable INNs with reasonable
Lipschitz constants.
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4.1.4 Effect of entropic regularization on Sinkhorn divergence and
Wasserstein distance approximation

To demonstrate the effect of entropic regularization on the debiased Sinkhorn divergence and
the Sinkhorn approximation of the Wasserstein distance, we vary the entropic regularization
parameter across experiments. The model is trained for the inverse kinematics problem same
training configuration described in Section 4.1.1. As illustrated in Figure 6, a decrease
in entropic regularization tends to improves sample quality but increases training time.
Additionally, training with the Sinkhorn divergence exhibits greater stability compared to
the Sinkhorn approximation of the Wasserstein distance.

4.1.5 Effect of support set of the latent distribution and the data
distribution

We investigate the effect of the support set of the latent distribution when training with
the variational formulation of the KL divergence and the Sinkhorn divergence. In this
experiment, the data distribution is fixed as U(0, 1). The latent distributions considered for
comparison are U(0, 1), U(3, 4), U(5, 6), U(10, 11) and U(15, 16). As illustrated in Figure 7
and Table 2, the quality of the generated samples deteriorates as the support of the latent
distribution becomes increasingly disjoint from that of the true distribution. This effect
is observed for both cost functions; however, the model trained using the f -divergence
formulation of the KL divergence exhibits a more pronounced degradation compared to
the model trained with the Sinkhorn divergence. Thus, our empirical results support the
hypothesis that models trained with the Sinkhorn divergence are more robust to mismatches
between the supports of the latent and prior distributions.

PZ

Divergence
KL Divergence Sinkhorn Divergence

U(0, 1) 0.003 0.001

U(3, 4) 1.22 0.24

U(5, 6) 1.36 0.91

U(10, 11) 3.07 1.28

U(15, 16) 1.43 1.33

Table 2: This table shows the MMD between samples from the true distribution U(0, 1)
and those generated by the trained model.

4.1.6 Effect of moments of X on the performance of NF

In this experiment, we investigate how the number of finite moments of the PX affects the
performance of the NF. To ensure that the moment of X can be adjusted, we assumed X
has a Pareto distribution (Arnold, 2014). That is, the dataset was generated by sampling
from a Pareto distribution characterized by a shape parameter α and a scale parameter xm.

26



VINA: Variational Invertible Neural Architectures

-0.5 -0.25 0.0 0.25 0.50 0.75 1.0 1.25 1.5
0

20

40

60

80

100

120
F
re
q
u
en

cy

-0.5 -0.25 0.0 0.25 0.50 0.75 1.0 1.25 1.5
0

20

40

60

80

100

120

-0.5 -0.25 0.0 0.25 0.50 0.75 1.0 1.25 1.5
0

20

40

60

80

100

120

-0.5 -0.25 0.0 0.25 0.50 0.75 1.0 1.25 1.5
0

20

40

60

80

100

120

Value

F
re
q
u
en

cy

-0.5 -0.25 0.0 0.25 0.50 0.75 1.0 1.25 1.5
0

50

100

Value

-0.5 -0.25 0.0 0.25 0.50 0.75 1.0 1.25 1.5
0

50

100

Value

Figure 7: Top Row: Samples from NF models trained using the Sinkhorn divergence. The
left image corresponds to a latent distribution U(0, 1) used to simulate the data, the middle
image uses U(3, 4), and the right image uses U(5, 6). Bottom Row: Samples from NF
models trained using an f -divergence approximation of the forward KL divergence. The
latent distributions mirror those used in the Sinkhorn divergence experiments.

In this case the probability density function of X is given by

f(X;xm, α) =


αxαm
Xα+1

, X ≥ xm,

0, X < xm,

where α > 0 and xm > 0. Also, the NF trained with the variational formulation of KL-
Divergence. The latent space was defined by a 10-dimensional random vector drawn from
a standard normal distribution.

Here, the parameter α is varied from 1 to 10, and, as illustrated in Fig. 8, the
Wasserstein-1 distance between the true and generated distributions decreased. This is
consistent with our theoretical results in Appendix B that as the number of finite moment
of X increases, the W1 distance between the true and estimated distributions decreases.

4.2 Geoacoustic Inversion

To demonstrate the practical relevance of our approach, we employ the insights gained
from the previous exploratory experiments to the GI setting of the SWellEx-96 experi-
ment (Yardim et al., 2010; Meyer and Gemba, 2021) conducted off the coast of San Diego
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Figure 8: This figure illustrates the Wasserstein-1 distance for increasing values of α in the
Pareto distribution, which corresponds to increasing number of finite moments. The y-axis
is set to a logarithmic (base 10) scale. Configurations 1–3 specify INNs with 2, 6, 8 coupling
layers and subnetworks of hidden sizes 128, 64, 128, respectively.

Figure 9: The SWellEx-96 experiment environment. The acoustic source is towed by a
research vessel and transmits signals at various frequencies. The acoustic sensor consists of
a vertical line array (VLA). Based on the measurements collected at the VLA, the objective
is to estimate posterior distributions over parameters of interest (e.g. water depth, sound
speed at the water-sediment interface, source range and depth, etc.).

near Point Loma. This experimental setting is one of the most used, documented, and un-
derstood studies in the undersea acoustics community.1 Here, synthetic data corresponding
to this experiment is used to simplify the task for the initial application of an INN-based
framework in ocean acoustics.

1. see http://swellex96.ucsd.edu/
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As depicted in Figure 9, the data is collected via a vertical line array (VLA). The
specification of the 21 hydrophones of the VLA and sound speed profile (SSP) in the water
column is provided in the SWellEx-96 documentation. The SSP and sediment parameters
are considered to be range-independent. Water depth refers to the depth of the water at the
array. The source is towed by a research vessel which consists of a comb signal comprising
frequencies of 49, 79, 112, 148, 201, 283, and 388 Hz. While in the SWellEx-96 experiment
the position of the source changes with time, for this task we consider the instant when the
source depth is 60 m and the distance (or range) between the source and the VLA is 3 km.

The sediment layer is modeled with the following properties. The seabed consists ini-
tially of a sediment layer that is 23.5 meters thick, with a density of 1.76 g/cm3, and an
attenuation of 0.2 dB/kmHz. The sound speed at the bottom of this layer is assumed to
be 1593 m/s. The second layer is mudstone that is 800 meters thick, possessing a density
of 2.06 g/cm3, and an attenuation of 0.06 dB/kmHz. The top and bottom sound speeds
of this layer are 1881 m/s and 3245 m/s respectively. The description of the geoacoustic
model of the SWellEx-96 experiment is complemented by a half-space featuring a density
of 2.66 g/cm3, an attenuation of 0.020 dB/kmHz, and a sound speed of 5200 m/s.

Based on the measurements at the VLA, the objective of this task is to infer the posterior
distribution over the water depth as well as the sound speed at the water-sediment interface.
For this task, we assume all the quantities above to be known. The unknown parameters
m1 (the water depth) and m2 (the sound speed at the water-sediment interface) follow
a uniform prior in [200.5, 236.5] m and [1532, 1592] m/s, i.e. m1 ∼ U([200.5, 236.5]) and
m2 ∼ U([1532, 1592]), where U(Ω) denotes a uniform distribution in the domain Ω.

The received pressure y on each hydrophone and for each frequency is a function of
unknown parameters m (e.g. water depth, sound speed at the water-sediment interface,
etc.) and additive noise ϵ as follows

y = s(m, ϵ) = F (m) + ϵ, ϵ ∼ N (0,Σ)

whereΣ is the covariance matrix of data noise. Here, s(m, ϵ) is a known forward model that,
assuming an additive noise model, can be rewritten as F (m)+ϵ, where F (m) represents the
undersea acoustic model (Jensen et al., 2011). The SWellEx-96 experiment setup involves
a complicated environment and no closed-form analytical solution is available for F (m). In
this case, F (m) can only be evaluated numerically, and we use the normal-modes program
KRAKEN (Porter, 1992) for this purpose. The signal-to-noise ratio is 15 dB. Inspired
by Zhang and Curtis (2021), for the invertible architectures, we include data noise ϵ as
additional model parameters to be learned. In this context, the input of the network is
obtained by augmenting the unknown parameters m with additive noise ϵ.

The pressures received on the hydrophones are considered in the frequency domain, and
hence they can be complex numbers. While the invertible architectures can be constructed
to address complex numbers, in this case study, we stack the real and imaginary parts of
the pressure field at the network’s output. That is, the pressure y = Re{y}+ i Im {y} will
be represented as

[
Re{y}, Im {y}

]
at the network’s output.

This case study is analyzed noise and signal data collected from five hydrophones. Each
hydrophone captured complex measurements across seven frequencies, which we processed
by separating into real and imaginary components and then concatenating into a single
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vector. This processing approach resulted in input data tensors containing 70 signal mea-
surements. We combined the input parameters with noise measurements, creating tensors
of sizes 72.
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Figure 10: Posterior comparisons between models trained with different loss functions for
the GI dataset, using signal measurements from five hydrophones. The inferred parameter
is water depth, with the red dotted line indicating the true value. The INN configuration
for the upper row uses Configuration 1 whereas the configuration used in the bottom row
is Configuration 2. The y-axis shows un-normalized probability scores.

For the GI dataset, training is conducted using a batch size of 128 over 10 epochs with an
80/20 train–validation split. The optimization settings vary by objective: the INN trained
with the NLL loss uses a learning rate of 3 × 10−4, while the INN and critic network Vω
trained with the f-divergence objective use a learning rate of 2 × 10−4 together with L2

regularization of 2 × 10−5. All models employ the Adam optimizer with betas (0.8, 0.9).
Two different coupling-based configuration are considered.

Configuration 1 corresponds to a model with sub-networks of hidden size 64, a latent
dimension of 18, and 3 coupling layers.

Configuration 2 corresponds to a model with sub-networks of hidden size 403, a latent
dimension of 2, and 4 coupling layers.
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The results are presented in Figs 10 and 11, and in Tables 3, 4 and 5. The histograms,
in Figs 10 and 11, are based on 1,000 samples drawn from the trained INN. Also, while
training times are compared in Table 5 the inference time is also provided in its caption.
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Figure 11: Posterior comparisons between models trained with different loss functions for
the GI dataset, using signal measurements from five hydrophones. The inferred parameter
is sound speed, with the red dotted line indicating the true value. The INN configuration
for the upper row uses Configuration 1 whereas the configuration used in the bottom row
is Configuration 2.

Method

Epochs
1 5 10

NLL 6.19 22.90 22.48

KL Divergence 7.06 3.46 3.27

JS Divergence 6.63 3.21 3.26

(a) Configuration 1

Method

Epochs
1 5 10

NLL 25.16 2.32 0.75

KL Divergence 10.56 10.66 11.56

JS Divergence 11.20 11.04 12.26

(b) Configuration 2

Table 3: Comparison of the L2 loss for water depth using two different model configurations.
The parameter being recovered is water depth.
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Method

Epochs
1 5 10

NLL 365.26 211.71 193.99

KL Divergence 31.36 0.92 2.24

JS Divergence 27.40 0.61 7.26

(a) Configuration 1

Method

Epochs
1 5 10

NLL 9.33 0.73 1.91

KL Divergence 9.26 1.25 6.31

JS Divergence 8.73 2.29 10.24

(b) Configuration 2

Table 4: Comparison of the L2 loss for sound speed using two different model configurations
introduced. The parameter being recovered is sound speed.

Method

Epochs
1 5 10

NLL 4.87 16.78 30.50

KL Divergence 1.37 5.44 10.91

JS Divergence 1.34 5.58 11.08

(a) Configuration 1

Method

Epochs
1 5 10

NLL 4.22 14.19 26.02

KL Divergence 1.71 6.76 13.36

JS Divergence 1.86 6.64 12.45

(b) Configuration 2

Table 5: Comparison of training times for two model configurations. The configuration
used for the left table achieves an inference time of 0.0060 seconds per 1000 samples, while
the configuration used for the right table achieves 0.0036 seconds for the same number of
samples.

For GI, standard likelihood-evaluation-based MCMC is computationally intensive, as
each likelihood evaluation necessitates solving the forward model with an acoustic propa-
gation simulator KRAKEN (Porter, 1992). Alternately, a pre-trained INN facilitates rapid,
near-real-time posterior inference by eliminating the need for repeated forward model eval-
uations. This speedup (inference time of 0.0060 seconds per 1000 samples) comes from
shifting computation offline into training. Posterior sampling is often computationally chal-
lenging, especially in high dimensions (Montanari and Wu, 2023), and there is no universally
best configuration for these problems. As demonstrated in our case studies, INNs can be
sensitive to architectural and optimization choices; therefore, automated hyperparameter
search methods such as the tree-structured Parzen estimator (Bergstra et al., 2011) can be
useful in practice.

5 Conclusion

In this work, we have presented a unified theoretical and practical framework that connects
INNs and NFs through a common variational formulation, motivated by related works
of Nowozin et al. (2016); Zhang et al. (2019); Grover et al. (2018). By analyzing these
architectures under a shared perspective, we derived new theoretical guarantees on the
approximation quality of both posterior and generative distributions under weaker, more
realistic assumptions than those used in prior studies. Our findings bridge a key gap in the
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literature by providing a principled understanding of when and why these models succeed in
both generative and inverse problem settings. Beyond the theoretical results, our empirical
investigations yield general design principles that can guide practitioners in the effective
implementation of INN- and NF-based systems. Finally, the application of our framework
to a ocean-acoustic inversion task demonstrates its practical value and robustness.
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Appendix A. Additional Background

Definition 13 (Rademacher Complexity) Let F denote a class of real-valued functions

over the domain Rd, and let Xn i.i.d.∼ PX denote an i.i.d. dataset. With ϵn denoting n
i.i.d. Rademacher random variables (i.e., ±1 w.p. 1/2 each), we define the Rademacher
complexity of the function class F as

Rn(F , Xn) = Eϵn

[
sup
f∈F

1

n

n∑
i=1

ϵif(Xi)

∣∣∣∣∣Xn

]

We will denote the expected Rademacher complexity (with respect to the data Xn) as
Rn(F) = EXn [Rn(F , Xn)].

We now recall a result about vector contraction for Rademacher complexities from Mau-
rer (2016).

Fact A.1 For some d ≥ 1, let ϕi : Rd → R denote a collection of J-Lipschitz functions in
ℓ2 norm with ϕi(0) = 0. Then, for a given set of points {x1, . . . , xn} in some domain X ,
and a function class H consisting of h : X → Rd, we have the following:

Eϵn

[
sup
h∈H

1

n

n∑
i=1

ϵiϕi(h(xi))

]
≤ 2JEσn

[
sup
h∈H

1

n

n∑
i=1

⟨σi, h(xi)⟩

]
.

Above, we assume that (ϵ1, . . . , ϵn) are i.i.d. Rademacher, and each (σ1, . . . , σn) represents
i.i.d. {−1, 1}d-valued random vectors with i.i.d. Rademacher coordinates.

Finally, we now recall a version of a well-known concentration inequality that we will use
to obtain high probability uniform deviation bounds.

Fact A.2 (McDiarmid’s Inequality) Let {Xi : 1 ≤ i ≤ n} denote a stream of inde-
pendent X -valued observations, and let h : X n → R be a function satisfying a bounded
difference property:

|h(x1, . . . , xi−1, xi, xi+1, . . . , xn)− h(x1, . . . , xi−1, x
′
i, xi+1, . . . , xn)| ≤ c,

for all i ∈ [n], xn ∈ X n and x′i ∈ X . Then we have the following for all ϵ > 0:

P (h(Xn)− E[h(Xn)] > nϵ) ≤ exp

(
−2nϵ2

c2

)
.

A.1 Discussion of Invertible Neural Architectures

This section outlines the key factors that ensure practical invertibility in INNs, which are
formally defined in Section 1, including architectural structures, bidirectional training, and
padding schemes.
Model Architecture: A key aspect in designing INNs is constructing architectures that
are both expressive and invertible. One of the most popular design is constructed by
concatenating affine coupling blocks Kingma and Dhariwal (2018); Dinh et al. (2016, 2014).
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In this case, invertible architecture T is defined by a sequence of reversible blocks, where
each block consists of two complementary affine coupling layers. The the block’s input
u ∈ Rdu is split into u1 ∈ Rdu1 and u2 ∈ Rdu−du1 . Each transformation stage applies a
learned mapping to a subset of the input features, while the remaining features are left
unchanged, ensuring invertibility of the overall transformation. In other words, we havev1

v2

 =

u1 ⊙ exp (s1(u2)) + t1(u2)

u2

 ,
o1
o2

 =

 v1

v2 ⊙ exp (s2(v1)) + t2(v1)


The mappings si and ti for i = 1, 2 are arbitrarily neural network. Each block can be
inverted, that is, given the output o = [o1,o2] the inverse can be calculated as

u2 =
(
o2 − t2(o1)

)
⊘ exp (s2(o1))

and

u1 =
(
o1 − t1(u2)

)
⊘ exp (s1(u2))

Note that when the coupling block is inverted, the subnetworks si and ti need not to be
invertible they are only evaluated in the forward direction. Also, this structure yields a
triangular Jacobian, making the log-determinant computationally tractable.

Another popular approach to achieve invertibility is using residual connections (iResNet
models) Gomez et al. (2017); Jacobsen et al. (2018); Behrmann et al. (2019). In this
way, the mapping T is constructed by the successive composition of residual blocks, T =
(I + FM ) ◦ (I + FM−1) ◦ · · · ◦ (I + F1), where “ ◦ ” denotes the composition operation.
A sufficient condition for invertibility of each block is that the residual sub-network has
a Lipschitz constant less than one. However, unlike coupling-based methods that offer
exact solutions for the inverse and the log-determinant of the Jacobian, they need to be
approximated in the case of iResNet models Chen et al. (2019).

In summary, coupling layers provide exact inversion and efficient Jacobian computation,
but their fixed partitioning limits flexibility and can affect stability. Invertible residual
networks support more flexible and expressive architectures, needing only a Lipschitz con-
straint for stability. However, they have less efficient inversion and Jacobian computation
than coupling layers.

Bi-Directional Training: Invertible networks allow applying losses in both the input and
output domains, since the mapping can be evaluated in both directions. During training,
one may alternate between forward and inverse passes, accumulating gradients from both
directions. This bidirectional loss formulation can improve the effectiveness and stability of
training Ardizzone et al. (2018).In the forward direction, as discussed in (1), the supervised
loss (SL) Ly(T ) and USL Lz(T ) will be minimized. Similarly, in the backward direction an
USL Lx(T ) can be considered. For the SL we consider mean square error, and the USL is
discussed in the next section.

Padding: Padding adjusts input dimensionality to meet a model’s structural require-
ments Ardizzone et al. (2018). For INNs, it resolves mismatches by adding entries en-
abling bijective mappings. Common strategies like zero-padding and repetition-padding

43



Shekhar, Khojasteh, Acharya, Tohme, and Youcef-Toumi

keep forward and inverse passes dimensionally consistent and can support stable learning.
For instance, if zero-padding is used on either side of the network, additional loss terms,
called reconstruction loss, are required to ensure no information is encoded in the padding
dimensions and forcing these dimensions to remain inactive.

A.2 Negative Log-Likelihood (NLL)

For a map T (X; θ) 7→ [Y, Z] parameterized by θ, and assuming Y and Z are independent,
the change-of-variables formula implies that the density PT−1(Y,Z) is

PT−1(Y,Z) = PTy(X) PTz(X) ·
∣∣det (JX 7→ [Y,Z](X)

)∣∣
where JX 7→ [Y,Z](X; θ) denotes the Jacobian of the map T parameterized by θ. As described
next, this expression can be used to define an unsupervised training loss. In particular, we
aim to minimize the forward KL divergence between the true posterior distribution PX|Y
and PT−1(Y,Z), given by

L(θ) = DKL

(
PX|Y , PT−1(Y,Z)

)
= −EPX|Y

[
logPT−1(Y,Z)

]
+ const.

= −EPX|Y

[
logPTy(X) + logPTz(X) + log

∣∣det(JX 7→ [Z,Y ](X)
)∣∣ ]+ const.

The empirical approximation of the above loss is as follows.

L̂(θ) = − 1

n

n∑
i=1

(
logPTy(Xi) + logPTz(Xi) + log

∣∣det(JX 7→ [Y,Z](Xi)
)∣∣+ const.

)
(12)

As we can see, minimizing the above Monte Carlo approximation of the KL divergence
is equivalent to maximizing likelihood (or minimizing negative log-likelihood). Assuming
PZ is standard Gaussian and PY is a multivariate normal distribution around ygt and a
small standard deviation σ, NLL loss in Eq. (12) becomes

LNLL(θ) =
1

n

n∑
i=1

(
1

2

(
Ty(Xi)− ygt

)2
σ2

+
1

2
Tz(Xi)

2 − log
∣∣det(JX 7→ [Y,Z](Xi)

)∣∣)

Note that we started with the backward loss between PX|Y and PT−1(Y,Z) and end up
with a supervised loss and unsupervised loss in the forward direction. Also, the Gaussian
assumption on Y can be restrictive and as discussed in Section 2, we eliminate the need for
such distributional assumptions by relying solely on samples and leveraging the variational
formulation of f-divergences, which yields a lower bound on the true value which is discussed
more in Section 4.1.2.

Appendix B. Variational normalizing flow (V-NF)

In this section, we introduce a class of normalizing flows trained using a variational objective.
To simplify our presentation, we focus on the concrete example of the variational form of
relative entropy, although, similar arguments can be developed for a larger class of f -
divergences. Our discussion in this section closely follows the structure of Section 3.2
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for INNs, and in fact some of the results we present can be directly inferred from the results
of Section 3.2. However, we include all the details to keep this section self-contained and
independent of Section 3.2.

Let X = Rd denote the observation space and let Z = Rd denote the latent space in
which the latent variable Z ∼ PZ takes its values. Let T : X → Z denote a class of
diffeomorphisms2, and for any T ∈ T , define the model distribution on X as

QT = (T−1)#PZ ⇐⇒ QT (E) = PZ({z ∈ Z : T−1(z) ∈ E}), for any measurable E ⊂ X .

In other words, for Z ∼ PZ , the model T represents a random variable XT = T−1(Z) ∼ QT

with density qT (x) = pZ(T (x))detJT (x), with JT denoting the associated Jacobian.

Training procedure. As mentioned in Section 3.1, we consider a variational objective
for training NFs, and in particular, in this section we focus on the concrete case of forward
relative entropy loss by using a function class Gn (critic or witness function class that we
allow to grow with n). Formally, the population loss that will be used to train a model is

LNF(T ) = sup
g∈Gn

{EX∼PX
[log g(X)]− EXT∼QT

[g(XT )]}+ 1.

Here we have used the variational definition of relative entropy presented in Nguyen et al.
(2010), and by definition, LNF(T ) ≤ DKL(PX ∥ QT ) with equality if the true likelihood ratio
dPX/dQT is contained in Gn. Given n i.i.d. draws X1, . . . , Xn from the data distribution

PX , and with mn independent latent random variables Z1, . . . , Zmn

i.i.d.∼ PZ , we define the
empirical loss associated with T ∈ T as

L̂NF
n (T ) = sup

g∈Gn

{
1

n

n∑
i=1

log g(Xi)−
1

m

mn∑
i=1

g(T−1(Zi))

}
+ 1.

Observe that here we use n to denote the size of the true dataset that we are trying to
model, while mn denotes the number of latent data points we use. In general m ≡ mn can
be much larger than the n, as the latent random variables are much easier to generate (a
common choice is to select PZ to be a known multivariate Gaussian distribution). We can
now define the empirical NF model T̂n as

T̂n ∈ argminT∈T L̂
NF
n (T ). (13)

The performance of the ERM estimator with a variational objective defined above is gov-
erned by two factors: the sampling error, and the alproximation error due to the restriction
of the critic class to Gn. Classical results from empirical process theory can allow us to
control the difference between LNF and L̂NF in terms of certain notions of capacity of the
class Gn. Informally, smaller Gn will lead to much better finite sample approximation. On
the other hand, reducing the difference DKL(PX ∥ QT ), that we refer to as the variational
gap, requires a larger Gn. This represents the key challenge in our analysis: finding the right
tradeoff for the size of the critic class Gn that simultaneously controls these two terms. We

2. Our theoretical guarantees in Theorem 14 are also valid for homeomorphisms, but due to the specific
requirements during the training of NF, here we state the definition based on diffeomorphisms.
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first present a general result that assumes the existence of such a sequence of {Gn : n ≥ 1}
that satisfies the conditions stated in Assumption B.1. Then, in Appendix B.1, we identify
sufficient that are easier to verify for Assumption B.1 to hold, and finally in Appendix B.2,
we discuss a concrete realistic example satisfying these conditions in Appendix B.2.

Assumption B.1 To analyze the NF model T̂n defined in (13), we require the following
assumptions:

• (NF1): Realizability. For the PX , PZ under consideration, there exists a T ∗ ∈ T
with QT ∗ = PX , which implies that LNF(T ∗) = 0 assuming that 1 ∈ Gn (note that we
allow the critic class Gn to grow with n, keeping T fixed).

• (NF2): Uniform Convergence. There exists a deterministic sequence rn → 0 and
a confidence level δ ∈ (0, 1), such that with probability 1− δ, we have

sup
T∈T
|L̂NF (T )− LNF (T )| ≤ rn.

In other words, we assume that the function classes (Gn, T ) are small enough to ensure
uniform learnability.

• (NF3): Variational Approximation Gap. PX ≪ QT for all T ∈ T , and there
exists a deterministic sequence ηn converging to 0 as n→∞, such that

sup
T∈T

DKL(PX ∥ QT )− LNF (T ) ≤ ηn.

In other words, we assume that the capacity of the critic class Gn grows with n to
approximate the likelihood ratios of all distributions modeled by elements of T and the
true data distribution PX .

• (NF4): Moment Bounds. There exists positive constants R and a, such that

max

{
E[∥X∥1+a], sup

T∈T
E[∥T−1(Z)∥1+a]

}
≤ R.

With these assumptions in place, we can now state the main result of this section.

Theorem 14 Under Assumption B.1, the empirical risk minimizer T̂n defined in (13) sat-
isfies the following with probability at least 1− δ:

W1(PX , QT̂n
) ≲ (rn + ηn)

a
2(1+a) ,

where ≲ suppresses a multiplicative constant that depends on a, andW1 is the 1-Wasserstein
metric.

The proof of this statement is given in Appendix B.3. This theorem obtains a Hölder-
type transfer from the original empirical variational objective to the Wasserstein error. In
particular, it says that the quality of approximation achieved by the NF model T̂n depends
on the sum of uniform empirical-process deviation rn and the variational gap ηn. The
exponent a/(1 + a) encodes the tail behavior from Assumption B.1: distributions with
lighter tails (or larger a) yield a stronger, near-

√
· relation between W1 and rn + ηn, while

heavier tails cause a weaker transformation.
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Remark 15 The proof of Theorem 14 proceeds in three steps. (i) On the high-probability
event from (NF2), ERM and realizability assumption imply that LNF(T̂n) ≤ 2rn. Combin-
ing this with the variational gap assumption (NF3) yields DKL(PX ∥ QT̂n

) ≤ 2rn + ηn.

(ii) The next step is to use Pinsker’s inequality to get ∥PX −QT̂n
∥TV ≤

√
(1/2)(2rn + ηn).

(iii) Finally, we employ the truncation argument formalized in Lemma 25 along with the
bounded (1 + a)-moment assumption (NF4) to get the required bound in W1 metric.

As this outline suggests, this exact argument goes through for any distance or divergence
that dominates the total variation metric via a Pinsker-type inequality. Hence, Theorem 14
can be stated more generally for such a class divergence measures, which includes the Jensen
Shannon, Hellinger, and chi-squared divergence.

B.1 Verifiable Sufficient Conditions for Assumption B.1

In this section, we work under the realizability assumption (NF1), and derive sufficient
conditions on (T ,Gn) for the other conditions to hold, such that the W1 metric between
the model distribution and the true distribution converges to zero as the sample size n
increases.

We begin with the uniform convergence condition (NF2), and identify sufficient condi-
tions in terms of the Rademacher complexities of the function classes involved.

Proposition 16 Let (ϵi)i≥1 denote i.i.d. Rademacher random variables, and with Hn de-
noting the function class {log g : g ∈ Gn}, define the expected Rademacher complexities

Rn(Hn) = Eϵn,Xn

[
sup
h∈Hn

1

n

n∑
i=1

ϵih(Xi)

]
, and

Rmn(Hn, T ) = Eϵmn ,Zmn

[
sup
h,T

1

mn

n∑
i=1

ϵih(T
−1(Zi))

]
.

If ∥h∥∞ ≤ bn for all h ∈ Hn, for any δ > 0, we have the following:

sup
T∈T

∣∣∣L̂NF
n (T )− LNF(T )

∣∣∣ ≤ 2Rn(Hn) + 2ebnRmn (Hn, T ) + (
bn√
n
+

ebn
√
mn

)
√
2 log(4/δ)

Thus, to verify (NF2), we need to identify uniformly bounded Hn (equivalently Gn) whose
expected Rademacher complexity can be appropriately controlled to drive the above term to
0 with n.

This result follows from the standard symmetrization via Rademacher variables argument,
and we present the details in Appendix B.4. We next observe that if the model class T
satisfies a uniform Lipschitz property, then the uniform moment control assumption (NF4)
follows easily.

Proposition 17 Suppose the function class T satisfies the following uniform affine growth
property:

sup
T∈T
∥T−1(z)∥ ≤ J0 + J1∥z∥ for all z ∈ Z.
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If EPZ
[∥Z∥1+a] = MZ < ∞ for an a > 0, we have the following under the realizability

assumption (NF1):

max

{
E[∥X∥1+a], sup

T∈T
E
[
∥T−1(Z)∥1+a

]}
≤ 2a

(
J1+a
0 + J1+a

1 MZ

)
=: R.

The proof of this result is exactly the same as that of Proposition 7, and we omit it to
avoid repetition. In other words, assuming realizability, a sufficient condition for (NF4) is
if the latent variable Z has finite (1+a) moments, and the model class is globally Lipschitz
and uniformly bounded at the origin. Finally, we proceed to the condition of vanishing
variational approximation gap (NF3).

Proposition 18 Suppose DKL(PX ∥ QT ) < ∞ for all T ∈ T , and let vT = dPX/dQT

and ℓT = log vT denote the likelihood ratio and log-likelihood ratio (resp.) of PX and QT .
Fix some sequence (Kn)n≥1 such that Kn

n→∞−→ ∞, and define the following uniform tail
expectation terms, with X ∼ PX , X ′ ∼ QT , and Hn = {log g : g ∈ Gn}:

τ1 ≡ τ1(Kn, T ,Hn) = sup
T∈T

sup
h∈Hn

EPX
[|ℓT (X)− h(X)|1∥X∥∞>Kn

],

and τ2 ≡ τ2(Kn, T ,Hn) = sup
T∈T

sup
h∈Hn

EQT

[∣∣∣eh(X′) − eℓT (X′)
∣∣∣1∥X′∥∞>Kn

]
.

Next, introduce a uniform approximation error term computed over a restricted domain:

δn ≡ δn(Kn, T ,Hn) = sup
T∈T

inf
h∈Hn

sup
x:∥x∥∞≤Kn

|h(x)− ℓT (x)|.

Suppose there exists a sequence of {Kn : n ≥ 1} with Kn ↑ ∞, such that

lim
n→∞

{δn + τ1 + τ2} = 0. (14)

Then the variational gap ηn also converges to zero; that is, if (14) holds, then

ηn = sup
T∈T

{
DKL(PX ∥ QT )− LNF(T )

} n→∞−→ 0.

The proof of this result is in Appendix B.5.

B.2 V-NF Example

We now illustrate that the assumptions required by Theorem 14 are satisfied by practically
useful models, by constructing specific (T ,Gn), and verifying this assumptions. Our model
class is an iResNet flow with uniformly controlled Jacobians that ensures certain useful
global regularity properties. Our critic class is induced by a Gaussian RKHS restricted to a
growing cube CKn = [−Kn,Kn]

d, which allows a neat separation between (i) approximation
on a compact set, and (ii) tail control outside the compact set, as needed by Proposition 18.

Definition 19 We will work with i-ResNets of the form T = (Id+FM )◦ (Id+FM−1)◦ · · · ◦
(Id + F1), where “ ◦ ” denotes the composition operation, and

Fj(x) =Wj,2 tanh (Wj,1x+ bj,1) + bj,2,

with max {∥Wj,1∥op, ∥Wj,2∥op} ≤ s ∈ (0, 1), and max{∥bj,1∥, ∥bj,2∥} ≤ B, ∀j ∈ [M ].
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Each Wj,1 lies in Rdj × Rd while Wj,2 lies in Rd × Rdj , with dj denoting the dimension of
the hidden layer in block j. Similarly, bj,1 ∈ Rdj and bj,2 ∈ Rd. Let H denote the maximum
value of the hidden layer dimension; that is, H = max1≤j≤M dj, ∥ · ∥op denotes the operator
norm, and ∥ · ∥ denotes the ℓ2 norm.

Next, we introduce the critic function class Gn.

Definition 20 Let kn(x, y) ≡ kγn(x, y) = exp
(
−γn∥x− y∥2

)
denote a Gaussian ker-

nel with scale parameter γn > 0, and let Hkn denote the reproducing kernel Hilbert
space (RKHS) associated with this kernel. Then, we defile the critic class Gn as
Gn = {eh : h ∈ Hn}, where Hn = {h1[−Kn,Kn]d : h ∈ Hkn , with ∥h∥kn ≤
bn} for some bn,Kn > 0. By the reproducing property, it follows that ∥h∥kγn ≤ bn implies

∥h∥∞ = supx∈X ⟨h, kγn(x, ·)⟩kγn ≤ supx∈X
√
kγn(x, x)∥h∥ ≤ bn. As a result, every g ∈ Gn

satisfies

0 < e−bn ≤ g(x) ≤ ebn .

As mentioned above, we work with the i-ResNet model class T in Definition 19 since this
satisfies a global Lipschitz continuity condition that allows us to work with unbounded
latent random variables Z ∼ N(0, Id). This global Lipschitz property turns out to be useful
in establishing that the (T ,Gn) pair of Definition 19 and Definition 20 satisfy the conditions
required by Assumption B.1. We can also ensure these assumptions are satisfied for the
coupling-based architecture Dinh et al. (2016) by restricting the latent distribution PZ to
be supported on a compact domain. We now state the main result of this section.

Theorem 21 Let (T ,Gn) be as in the two definitions above, and define the parameters

Kn =M(s
√
H +B) +

√
d+

√
2 log n,

γn = K2+ϵ
n for some fixed ϵ > 0,

bn = Cbγ
d/4
n K2+d/2

n = CbK
2+d+ d

4
ϵ

n ,

mn = ⌈e4bn⌉.

Then, under the realizability assumption (NF1), and with these choices of the parameters,
the ERM model T̂n defined in (13) satisfies

W1(PX , QT̂n
) = o(1), w.p. at least 1− δ.

In other words, with these parameters, the models in Definition 19 satisfy the sufficient
conditions for (NF2)-(NF4) to hold, as derived in Appendix B.1.

The proof of this result is in Appendix B.6.

B.3 Proof of Theorem 14

Introduce the uniform approximation event En = {supT∈T |L̂NF (T )− LNF (T )| ≤ rn}, and
note that under the assumption (NF2), we have P(En) ≥ 1− δ. For the rest of this proof,
we will work under the event En.
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By definition of ERM model, we knlw that for any T ∈ T , we have L̂NF (T̂n) ≤ L̂NF (T ).
This implies the following chain:

LNF (T̂n) ≤ L̂NF (T̂n) + rn (event En)

≤ L̂NF (T
∗) + rn (ERM property)

≤ (LNF (T
∗) + rn) + rn (event En)

= 2rn (assumption (NF1)).

Now, by the variational gap assumption (NF3), we know that∣∣∣DKL(PX ∥ QT̂n
)− LNF (T̂n)

∣∣∣ ≤ sup
T∈T
|DKL(PX ∥ QT )− LNF (T )| ≤ ηn.

Thus, combining the two displays above, we obtain the following bound on the relative
entropy between the true and the NF distributions, under the 1− δ probability event En:

DKL(PX ∥ PT̂n
) ≤ ηn + 2rn

Pinsker’s
=⇒ ∥PX − PT̂n

∥TV ≤
√

1

2
(2rn + ηn). (15)

We can now conclude the proof with the following chain:

W1(PX , PT̂n
) ≲

(
∥PX − PT̂n

∥TV

) a
1+a

≲ (2rn + ηn)
a

2(1+a) .

Here the first inequality (modulo constants) is due to Lemma 25, and the second inequality
is by (15).

B.4 Proof of Proposition 16

This follows from the standard uniform convergence results for bounded function classes.
Observe that

sup
T∈T
|L̂NF(T )− LNF(T )| ≤ sup

h∈Hn

|(P(X)
n − P(X))h|+ sup

T∈T
sup
h∈Hn

|(P(Z)
mn
− P(Z))eh ◦ T−1|

:= DX +DZ .

Note that above we have used the notation P(X)
n h = 1

n

∑n
i=1 h(Xi), P(X)h = EX∼PX

[h(X)],

P(Z)
mne

h ◦ T−1 = 1
mn

∑mn
i=1 e

h(T−1(Zi)) and P(Z)eh ◦ T−1 = EZ∼PZ
[eh(T

−1(Z))].
Now observe that by the classical symmetrization technique, we have the following upper

bound on the expected value of DX (Shalev-Shwartz and Ben-David, 2014, Lemma 26.2):

E[DX ] ≤ 2Rn(Hn) = 2E [Rn(Hn, X
n)]

Here, Rn denotes the Rademacher complexity whose definition is recalled in Definition 13
in Appendix A. Since we have assumed that ∥h∥∞ ≤ bb, for all h ∈ Hn, an application
of the bounded difference concentration inequality (recalled in Fact A.2 in Appendix A)
immediately implies with some constant C > 0:

PXn

(
DX ≥ E[DX ] + Cbn

√
log(2/δ)

n

)
≤ PXn

(
DX ≥ 2Rn(Hn) + Cbn

√
log(2/δ)

n

)
≤ δ

2
.

(16)
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A similar argument works for the term DZ . In particular, we know that the function
class {eh◦T−1

: h ∈ Hn, T ∈ T } is uniformly bounded from above by ebn . Thus, we can
again get a high probability upper bound using the expected Rademacher complexity and
the bounded difference inequality:

PZmn

DZ ≥ E[DZ ] + Cebn

√
log(2/δ)

mn

 ≤ PZn

DZ ≥ 2Rmn(Gn ◦ T −1) + Cebn

√
log(2/δ)

mn

 ≤ δ

2
.

(17)

Together, (17) and (16), along with the observation that Rmn(Gn ◦ T −1) ≤ ebnRmn(Hn, T )
by the contraction result, imply the required uniform convergence bound with probability
at least 1− δ:

DX +DZ ≤ 2Rn(Hn) + 2Rmn(Hn, T ) + C
√
log(2/δ)

(
bn√
n
+

ebn
√
mn

)
=: rn.

Thus, in order to establish a uniform convergence guarantee, it suffices to find a sequence
of {(n,mn, bn,Hn) : n ≥ 1}, such that the term rn in RHS above converges to 0.

B.5 Proof of Proposition 18

Throughout this proof, we assume that X ∼ PX and X ′ ∼ QT for T ∈ T , where QT

represents the distribution of T−1(Z) for some latent variable Z ∼ PZ . Our argument
below does not rely on how X ′ is generated, or on any properties of PZ . Now, observe that
for any T ∈ T , the relative entropy DKL(PX ∥ QT ) is equal to EP [ℓT (X)], which implies
that

∆n(T ) := DKL(PX ∥ QT )− sup
h∈Hn

{
EPX

[h(X)]− EQT
[eh(X

′)] + 1
}

= inf
h∈Hn

{
EPX

[ℓT (X)− h(X)] + EQT
[eh(X

′) − eℓT (X′)]
}
,

where the second equality uses the fact that EQT
[eℓT ] = 1 (recall that ℓT is the log-likelihood

ratio between PX and QT ). Now, for some Kn →∞, define the events En = {∥X∥∞ ≤ Kn}
and Fn = {∥X ′∥∞ ≤ Kn}, and observe that

∆n(T ) ≤ inf
h∈Hn

{
EPX

[(ℓT (X)− h(X))1En ] + EQT
[
(
eh(X

′) − eℓT (X′)
)
1Fn ]

}
+ τ1 + τ2, (18)

where the two terms τ1 and τ2 are defined as

τ1(Kn, T ,Hn) = sup
T∈T

sup
h∈Hn

EPX
[|ℓT (X)− h(X)|1∥X∥∞>Kn

],

and τ2(Kn, T ,Hn) = sup
T∈T

sup
h∈Hn

EQT

[∣∣∣eh(X′) − eℓT (X′)
∣∣∣1∥X′∥∞>Kn

]
.

It remains to analyze the first term in the RHS of (18). We proceed by observing that∣∣∣eℓT − eh∣∣∣ = eℓT
∣∣∣eh−ℓT − 1

∣∣∣ ≤ eℓT (|ℓT − h|+ e|ℓT−h|

2
|ℓT − h|2

)
,
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where the inequality uses a second-order Taylor approximation of ex around 0. More specif-
ically, we use |eu − 1| ≤ |u| ≤ e|u| u

2

2 with u ← ℓT − h. Now, let us introduce the following
terms:

ebn := sup
h∈Hn

sup
x:∥x∥∞≤Kn

eh(x), and δn = sup
T∈T

inf
h∈Hn

sup
x:∥x∥∞≤Kn

|ℓT (x)− h(x)|.

Using these definitions in (18), we obtain

∆n(T ) ≤ EPX
[δn1En ] + EQT

[
eℓT (X′)

(
δn + eδn

δ2n
2

)
1Fn

]
+ τ1 + τ2

≤ δn +

(
δn + eδn

δ2n
2

)
EQT

[eℓT ] + τ1 + τ2

= δn

(
2 + eδnδn/2

)
+ τ1 + τ2.

Since the RHS is independent of T , taking a supremum over the function class T , gives us
the required

ηn = sup
T∈T

∆n(T ) ≤
(
2 + eδnδn/2

)
δn + τ1 + τ2,

which converges to 0 if δn, τ1, τ2 converge to 0. This concludes the proof.

B.6 Proof of Theorem 21

To prove this result, we need to verify that the sufficient conditions obtained in Proposi-
tion 16 (uniform convergence), Proposition 17 (moment bounds), and Proposition 18 (vari-
ational gap), are satisfied by our specific choices in Definition 19 and Definition 20. We
verify these conditions in Appendix B.6.1, Appendix B.6.2, and Appendix B.6.3 respec-
tively. Before proceeding to these steps, we first establish certain properties of the function
class T that will be used often.

Suppose PZ is a Gaussian distribution with identity covariance, and density pZ(z) ∝
exp(−∥z∥2/2), which implies that ψ(z) = log pZ(z) = −∥z∥2/2 + const. Under the real-
izability assumption, there exists T ∗ ∈ T such that PX = QT ∗ . Every T ∈ T can be
represented as

T = GM ◦GM−1 ◦ . . . ◦G1, where Gj(x) = x+ Fj(x), Fj(x) =Wj,2 tanh(Wj,1x+ bj,1) + bj,2.

By assumption, we have ∥Wj,i∥op ≤ s ∈ (0, 1) and ∥bj,i∥ ≤ B for all j, i, where ∥ · ∥ denotes
the ℓ2 norm, and ∥ · ∥op denotes the operator norm induced by ∥ · ∥.

B.6.1 Verification of the Uniform Convergence Assumption

To simplify the notation, introduce the function classes Sn = {g ◦ T−1 : g ∈ Gn, T ∈ T }
and Un = {(1/bn)h ◦ T−1 : h ∈ Hn, T ∈ T }. Recall that Hn consists of functions of the
form h̃1[−Kn,Kn]d for all h̃ lying in the RKHS of a Gaussian kernel kn (denoted by Hkn),

with ∥h̃∥kn ≤ bn. We first consider the term Rmn(Sn), since the bound on the other term
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follows similarly. Observe that Sn = {ebnu : u ∈ Un} by definition, leading to the following
inequality via the contraction lemma (Shalev-Shwartz and Ben-David, 2014, Lemma 26.9):

Rmn(Sn, Zmn) ≤ ebnRmn (Un, Zmn) .

It remains for us to control the Rademacher complexity of the composition class Un. For
any zmn = (z1, . . . , zmn), introduce the terms I ≡ I(zn,Kn) = {i ∈ [mn] : zi ∈ [−Kn,Kn]

d}
and sn ≡ sn(zmn ,Kn) = |I|. For zmn such that sn > 0, observe that

bnRmn(Un, zmn) = Eσ

[
sup
T∈T

sup
h∈Hn

1

mn

mn∑
i=1

σih(T
−1(zi))

]

= Eσ

[
sup
T∈T

sup
h̃:∥h̃∥kn≤bn

1

mn

∑
i∈I

σih̃(T
−1(zi))

]

= Eσ

sup
T∈T

sup
h̃:∥h̃∥kn≤bn

〈
h̃,

1

mn

∑
i∈I

σikn(T
−1(zi), ·)

〉
kn

 (reproducing property)

= Eσ

sup
T∈T

bn

∥∥∥∥∥ 1

mn

∑
i∈I

σikn(T
−1(zi), ·)

∥∥∥∥∥
kn

 (
optimal h ∝ bn

mn

∑
i

kn(T
−1(zi), ·)

)

= Eσ

 bn
mn

√
sup
T∈T

∑
i∈I

∑
j∈I

σiσjk(T−1(zi), T−1(zj))



≤ bn
mn

√√√√√Eσ

mn∑
i=1

mn∑
j=1

σiσj

 (
Jensen’s + sup

x,x′
k(x, x′) ≤ 1

)

=
bn
√
sn

mn
.

As a result, with an i.i.d. sample Zmn , the expected Rademacher complexity satisfies

bnRmn(Un) = bnEZmn [Rmn(Un, Zmn)] ≤ bn
mn

EZmn

√√√√mn∑
i=1

1Zi∈[−Kn,Kn]d


≤ bn

√
PZ([−Kn,Kn]d)

mn
≤ bn√

mn
.

An exactly analogous argument implies Rn(Hn) ≤ bn/
√
n. Combining these two bounds,

we see that the uniform convergence rate obtained in Proposition 16 reduces to the following
(up to leading constants):

rn ≲
bn√
n
+
bne

bn

√
mn

. (19)

This can be made to converge to 0 with n, by selecting bn = o(
√
n) and mn = Ω(e(2+ϵ)bn)

for any ϵ > 0. Observe that the choices of bn,mn in Theorem 21 satisfy these conditions,
as we discuss further at the end of this section.
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B.6.2 Verification of the Moment Assumption

Lipschitz property. Observe that tanh is 1-Lipschitz as its derivative is sech2 ∈ [0, 1],
which implies

Lip(Fj) ≤ ∥Wj,2∥op∥Wj,1∥op ≤ s2 =: ρ ∈ (0, 1). (20)

Hence, for every block Gj = Id + Fj , we have

(1− ρ)∥x− x′∥ ≤ ∥Gj(x)−Gj(x
′)∥ ≤ (1 + ρ)∥x− x′∥

Since T is the composition of M such blocks, we immediately obtain

(1− ρ)M∥x− x′∥ ≤ ∥T (x)− T (x′)∥ ≤ (1 + ρ)M∥x− x′∥.

This allows us to conclude that every T ∈ T is bi-Lipschitz with

Lip(T ) ≤ (1 + s2)M , and Lip(T−1) ≤ (1− s2)−M .

Since these constants are independent of T , they are also uniformly valid over the class T :

sup
T∈T

max
{
Lip(T ),Lip(T−1)

}
≤ max

{
(1− s2)−M , (1 + s2)M

}
=: J1. (21)

Values at x = 0. Fix any T = GM ◦ . . . ◦G1 in T , and consider x0 = 0, xj = Gj(xj−1) =
xj−1 + Fj(xj−1) for j ∈ [M ]. Observe that by (20), we have for any x and j:

∥Fj(x)∥ ≤ ∥Fj(0)∥+ s2∥x∥.

Now, ∥Fj(0)∥ can be bounded as

∥Fj(0)∥ = ∥Wj,2 tanh(bj,1) + bj,2∥ ≤ ∥Wj,2∥op (∥ tanh(bj,1)∥+ ∥bj,2∥) .

We know that ∥Wj,2∥op ≤ s and ∥bj,i∥ ≤ B for i = 1, 2. Furthermore, let H denote the
maximum dimension of the hidden layer in M blocks; that is, H = maxj∈[M ] dj . Then,

∥ tanh(bj,1)∥ ≤
√
dj tanh(B) ≤

√
H. These facts imply that

∥Fj(0)∥ ≤ C0 := s
√
H +B.

This implies that for any j ∈ [M ], due to the Lipschitz property, we have

∥xj∥ = ∥Gj(xj−1)∥ = ∥xj−1 + Fj(xj−1)∥ ≤ ∥xj−1∥+ ∥Fj(xj−1)∥ ≤ ∥xj−1∥+ ∥Fj(0)∥+ s2∥xj−1∥
≤ C0 + (1 + s2)∥xj−1∥.

Applying this inequality iteratively, with x0 = 0 and xM = T (x0), we have

∥T (0)∥ ≤ C0

M−1∑
i=0

(1 + s2)i = C0

(
(1 + s2)M − 1

s2

)
. (22)
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Finally, for any T , let yT denote T−1(0), and observe that

∥yT ∥ = ∥T−1 ◦ T (yT − 0)∥ ≤ Lip(T−1)∥T (yT )− T (0)∥ = Lip(T−1)∥T (0)∥. (23)

Together, (22) and (23) imply

sup
T∈T

max
{
∥T (0)∥, ∥T−1(0)∥

}
≤ J1(s

√
H +B)

(
(1 + s2)M − 1

s2

)
=: J0. (24)

Since Z ∼ N(0, Id) has finite moments of all orders and ∥T−1(z)∥ ≤ J0+J1∥z∥ uniformly
in T , we have that supT∈T E[∥T−1(Z)∥a] < ∞ for all a > 0. Under the realizability

assumption,X
d
= (T ∗)−1(Z), hence this also implies E∥X∥1+a <∞. Thus, with an arbitrary

a > 0, and MZ = 2a/2Γ((a+ d)/2)/Γ(d/2), we get

R = 2a
(
J1+a
0 + J1+a

1 2a/2Γ((a+ d)/2)/Γ(d/2)
)
.

Recall that J0 was defined in (24), and J1 in (21). This completes the proof.

B.6.3 Verification of the Variational Gap Assumption

To verify this assumption for the model introduced in Definition 19, we will first obtain the
Jacobian of the functions in T , which will then allow us to obtain a closed form expression for
the log likelihood ratio dPX/dQT and characterize its behavior on a cube CKn = [−Kn,Kn]

d.

Lemma 22 Consider any T = GM ◦GM−1 ◦ · · ·◦G1 ∈ T of Definition 19, where each block
Gj(x) = (Id + Fj)(x) = x+Wj,2 tanh(Wj,1x+ bj,1) + bj,2. Then, we have the following:

JGj(x) = Id +Wj,2Dj(x)Wj,1, where Dj(x) = diag(sech2(Wj,1x+ bj,1))

∥JFj(x)∥op ≤ s2, and ∥JFj(x)− JFj(y)∥op ≤ 2s3∥x− y∥.

This result, proved in Appendix D.3, tells us that every Gj is a diffeomorphism with singular
values in [1 − s2, 1 + s2], and hence, det JGj(x) > 0 which implies that log det JGj is
well defined. We now obtain a closed-form expression for the log-likelihood ratio ℓT =
log dPX/dQT .

Lemma 23 The log-likelihood ratio function ℓT (x) = log dPX/dQT for any T ∈ T is equal
to

ℓT (x) =
1

2

(
∥T (x)∥2 − ∥T ∗(x)∥2

)
+ log det JT ∗(x)− log det JT (x).

Furthermore, when restricted to the domain [−K,K]d, each ℓT is Lipschitz with constant
L1 = O(K) (see (51) for exact expression), which implies the following uniform bound

sup
T∈T

sup
x∈[−K,K]d

|ℓT (x)| ≤ L0 + L1

√
dK,

for a universal constant L0 stated in (52)

This result, proved in Appendix D.4, establishes that when restricted to a box [−K,K]d in
the domain X = Rd, the likelihood ratio function class {ℓT : T ∈ T } is well behaved. With
these results at hand, we can now proceed towards verifying the sufficient conditions for the
variational gap to vanish as n goes to ∞.
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Approximation error δn. We begin by obtaining a characterization of the approxima-
tion error δn.

Lemma 24 Consider the given Hn = {h̃1[−Kn,Kn]d : h̃ ∈ Hkn , ∥h̃∥kn ≤ bn}, where Hkn

is the RKHS associated with the Gaussian kernel kn(x, y) = exp(−γn∥x − y∥2) for a scale
parameter γn. For parameters bn, γn, and Kn, we have

bn ≳ γd/4n K2+d/2
n =⇒ δn(Kn) ≲

Kn√
γn
. (25)

Here an ≲ bn represents that there exists a constant c that does not change with n, such
that an ≤ cbn for all n large enough.

The proof of this statement is in Appendix D.5.

Tail term τ1. Let us consider the first tail term τ1, whose definition is recalled below:

τ1 ≡ τ1(Kn, T ,Hn) = sup
T∈T

sup
h∈Hn

EPX
[|ℓT (X)− h(X)| 1∥X∥∞>Kn

].

Fix an h and T , and observe that

EPX
[|ℓT (X)− h(X)|1∥X∥∞>Kn

] ≤ EPX
[|ℓT (X)|1∥X∥∞>Kn

] + EPX
[|h(X)|1∥X∥∞>Kn

]

=: τ11(T, h) + τ12(T, h).

Now, from Lemma 23, we know that there exist constants c0, c1, c2 independent of n, T ,
such that we have

|ℓT (x)| ≤ c0 + c1∥x∥+ c2∥x∥2 for all x ∈ Rd.

If the distribution PX is such that EPX
[∥X∥2] <∞, then, this implies that

τ11(T, h) ≤ EPX
[
(
c0 + c1∥X∥+ c2∥X∥2

)
1∥X∥∞>Kn

]
n→∞−→ 0.

Thus, the only condition needed to control τ11 is that Kn →∞, and that EPX
[∥X∥2] <∞.

Next, we look at the other term τ12. This is much easier to handle, since we know that
∥h∥∞ ≤ bn for all h ∈ Hn. Hence, we have

τ12 ≤ bnPPX
(∥X∥∞ > Kn) ≤ bne−cK2

n ,

for some constant c (depending on the Lipschitz constant of T ∗). Hence, a Kn = Ω(
√
log bn)

is sufficient to drive this to 0.

Tail term τ2. Finally, we consider the remaining tail term τ2, defined as

τ2 ≡ τ2(Kn, T ,Hn) = sup
T∈T

sup
h∈Hn

EQT

[∣∣∣eh(X′) − eℓT (X)
∣∣∣1∥X′∥∞>Kn

]
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For fixed T ∈ T and h ∈ Hn, observe that since h(x) = 0 for all x : ∥x∥∞ > Kn, we get

EQT

[∣∣∣eh(X′) − eℓT (X)
∣∣∣1∥X′∥∞>Kn

]
= EQT

[
|1− eℓT |1∥X′∥∞>Kn

]
≤ PT (∥X ′∥∞ > Kn) + EQT

[
eℓT 1∥X′∥∞>Kn

]
= P(∥X ′∥∞ > Kn) + P (∥X∥∞ > Kn) .

Thus, we have

τ2 ≤ sup
T

P
(
∥T−1(Z)∥∞ > Kn

)
+ P

(
∥(T ∗)−1Z∥ > Kn

)
,

which goes to 0 with n under the T -uniform Lipschitz bounds derived in Lemma 22.

B.6.4 Completing the Proof

To complete the proof, we will show an explicit choice of the free parameters that drives
the W1-metric between the true and the NF distributions to zero. In particular, we observe
the following:

• With mn = ⌈e4bn⌉, we get ebn/
√
mn ≤ e−bn . Plugging this in (19) then gives us

rn ≲
bn√
n
+ bne

−bn ≲
bn√
n
.

• Now, set bn = Cbγ
d/4K

2+d/2+ϵ
n , and γn = K2+ϵ

n for some ϵ > 0. This implies that

bn ≍ K
2+d+ϵ(1+ d

4 )
n =⇒ rn ≲

K
2+d+ϵ(1+ d

4 )
n √

n
.

• The above choice of bn ensures that bn ≳ γ
d/4
n K

2+d/2
n , and hence (25) applies to these

parameter choices, which leads to

δn(Kn) ≲
Kn√
γn

≲ K−ϵ/2
n .

• Due to the uniform Lipschitz condition on the elements of T along with the fact
that Z ∼ N(0, Id), we can show that τ1 + τ2 ≲ poly(Kn)e

−cK2
n for some c > 0.

With the choice of Kn ≍
√
log n as stated in Theorem 14, this reduces to τ1 + τ2 ≲

poly(log n)n−c. Thus, combining with the previous state, we get

δn + τ1 + τ2 ≲ (log n)−ϵ/4 + poly(log n)n−c.

Thus, with the choice of the parameters in Theorem 21, the estimation error converges to
0 with probability at least 1− δ.
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Appendix C. Deferred Proofs from Section 3.2

C.1 Proof of Theorem 1

To simplify the notation, we will use P (A) to represent the conditional probability P (· |
Y ∈ A). By the realizability assumption, we have P

(A)
Y,T ∗

z (X) = P
(A)
Y Z . The starting point

of the proof is to use the realizability and the uniform convergence assumptions to relate
the population losses associated with the ERM model T̂n to the error terms un and rn
from Assumption 3.1. For any T ∈ T , let L(T ) = Ly(T )+λLz(T ), and L̂n(T ) = L̂y,n(T )+

λL̂z,n(T ), and observe the following chain:

0 = L(T ∗) ≥ L̂n(T
∗)− un − λrn ≥ L̂n(T̂n)− un − λrn ≥ L(T̂n)− 2(un + λrn).

The equality follows from the realizability assumption (INN1), while the first and third
inequalities use the uniform convergence assumption (INN2), and the second inequality
follows form the definition of T̂n as the ERM model. This simple argument allows us to
control the individual components of L(T̂n) as follows:

Ly(T̂n) ≤ 2(un + λrn), and Lz(T̂n) ≤ 2

(
rn +

un
λ

)
. (26)

For the first inequality, we use the fact that Lz(T ) ≥ 0 for all T as the critic class Gn is
assumed to contain the 0 element, while the second inequality uses the fact that Ly(T ) ≥ 0
by definition of the squared loss.

The next step of the proof is to use the Lipschitz property of the inverse map T̂−1
n to

relate the W1 metric between the posterior distributions P
(A)

T̂n(X)
and P

(A)
Y Z . In particular,

to further simplify the notation and use µ = P
(A)

T̂n(X)
, ρ = P

(A)
Y Z , and let F denote the

inverse map T̂−1
n : Y × Z → X . Then, F#µ and F#ρ denote the true and INN posterior

distributions on X by definition (recall that we use F#µ to represent the pushforward
of measure µ on to the image space of F ; that is for any measurable E ⊂ X , we have
(F#µ)(E) = µ(F−1(E))). Let π ∈ Π(µ, ρ) denote any coupling on (Y ×Z)2 with marginals
µ and ρ, and let πX ∈ Π(F#µ, F#ρ) denote the coupling by pushing π forward under

F×F (recall that F = T̂−1
n ); that is, πX(EX×GX) = π ({(y, z) : F (y) ∈ EX , F (z) ∈ GX}).

With these definitions, we immediately have

W1(F#µ, F#ρ) = inf
π′∈Π(F#µ,F#ρ)

∫
X×X

∥x− x′∥dπ′(x, x′) = inf
πX=(F×F )#π

π∈Π(µ,ρ)

∫
X×X

∥x− x′∥dπX(x, x′)

= inf
π∈Π(µ,ρ)

∫
X×X

∥F (y, z)− F (y′, z′)∥dπ((y, z), (y′, z′))

≤ J inf
π∈Π(µ,ρ)

∫
(Y×Z)2

∥(y, z)− (y′, z′)∥dπ((y, z), (y′, z′)) = JW1(µ, ρ).

Putting back the values µ ← P
(A)

T̂n(X)
, ρ ← P

(A)
Y Z , and F ← T̂−1

n , the inequality chain above

implies

W1

(
P

(A)
X , P

(A)

T̂−1
n (Y,Z)

)
≤ JW1

(
P

(A)

T̂n(X)
, P

(A)
Y Z

)
.
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Let us introduce the notation:

ν = P
(A)

T̂n(X)
, γ = P

(A)

Y,T̂n,z(X)
, and ω = P

(A)
Y,Z .

Using the fact that W1 is a metric, we can use triangle inequality to get

W1

(
P

(A)

T̂n(X)
, P

(A)
Y Z

)
=W1(ν, ω) ≤W1(ν, γ) +W1(γ, ω). (27)

To complete the proof, we need to obtain upper bounds on the two terms in the RHS above.
To control the first term in (27), We begin by recalling the explicit definition of the first
term

W1(ν, γ) = inf
π∈Π(ν,γ)

∫
∥(y, z)− (y′, z′)∥dπ((y, z), (y′, z′))

Let us now construct the natural coupling π between ν and γ in the following steps:

• Generate (X,Y ) ∼ P (A)
XY .

• Let ν denote the conditional distribution of T̂n(X) = (T̂n,y(X), T̂n,z(X))

• Let γ denote the conditional distribution of (Y, T̂n,z(X)). Thus ν and γ have a common
second component.

Using this particular coupling in the definition of W1(ν, γ), we observe that

W1(ν, γ) ≤
∫ √

∥T̂n,y(x)− y∥2 + ∥T̂n,z(x)− T̂n,z(x)∥2 dP (A)
XY (x, y) = E(A)

XY

[
∥T̂n,y(X)− Y ∥

]
≤
√

E(A)
XY

[
∥T̂n,y(X)− Y ∥2

] (28).1

≤

√
Ly(T̂n)√
PY (A)

≤
√

2(un + λrn)√
PY (A)

, (28)

where the last inequality follows from (26), and (28).1 uses the fact that Ly(T̂n) =

EXY [∥T̂n,y(X) − Y ∥2] = PY (A)E
(A)
XY [∥T̂n,y(X) − Y ∥2] + PY (A

c)E(Ac)
XY [∥T̂n,y(X) − Y ∥2] ≥

PY (A)E
(A)
XY [∥T̂n,y(X)− Y ∥2].

It remains for us to obtain a bound on the term W1(γ, ω). Introduce the conditional
total variation (TV) distance between these two measures,

∆A = ∥P (A)
Y Z − P

(A)

Y,T̂n,z(X)
∥TV = ∥ω − γ∥TV ,

and observe that an application of the truncation argument stated in Lemma 25 gives us

W1(γ, ω) ≤ Ca

(
2R

PY (A)

) 1
1+a

∆
a

1+a

A , where Ca = 2
(
a

1
1+a + a

−a
1+a

)
. (29)

Next, we use the fact that the two distributions γ and ω share the marginal distribution of
Y , which can be used to show that

Df

(
P

(A)

Y,T̂n,z(X)
∥ P (A)

Y Z

) (30).1

≤ 1

PY (A)
Df

(
PY,T̂n,z(X) ∥ PY Z

) (30).2

≤ 2(rn + un/λ) + ηn
PY (A)

, (30)
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where (30).1 is justified in Lemma 26, and (30).2 follows from the bound obtained in (26),
along with an application of the variational gap assumption (INN4) that relates Lz(T̂n)
to Df

(
PY,T̂n,z(X) ∥ PY Z

)
.

Next, we use the Pinsker-type inequality to obtain

∆A ≤ cf

√
1

2
Df

(
P

(A)

Y,T̂n,z(X)
∥ P (A)

Y Z

)
≤ cf

√
(2rn + 2un/λ+ ηn)

2PY (A)
.

Plugging this into (29), we get

W1(γ, ω) ≤ Ca2
2−a

2(1+a) (PY (A))
− 2+a

2(1+a) c
a

1+a

f (2rn + 2un/λ+ ηn)
a

2(1+a) (31)

Combining (31) and (28) with (27) gives us the stated upper bound:

W1(P
(A)
X , P

(A)

T̂−1
n (Y,Z)

) ≤ J

(√
2(un + λrn)

PY (A)
+Ka(PY (A))

− 2+a
2(1+a) (2rn + 2un/λ+ ηn)

a
2(1+a)

)
,

(32)

where Ka = 2
4+a
2+2a

(
a

1
1+a + a

−a
1+a

)
c

a
1+a

f . For any finite a > 0, the dominant term is ≲

(rn + un + ηn)
a

2(1+a) , as claimed in the statement of Theorem 1. This completes the proof.

C.2 Proof of Proposition 6

C.2.1 Proof of (7)

The uniform convergence of the L̂z,n(T ) follows from the boundedness of the function classes
involved, along with some standard symmetrization and concentration techniques. In par-
ticular, we can show that with probability at least 1− δ/2, we have

sup
T∈T
|L̂z,n(T )− Lz(T )| ≤ 2R(1)

n + 2R(2)
n + (bn +A2,n)

√
2 log(4/δ)

n
. (33)

We first introduce some notation to simplify the expressions. For any T and g, define

α(g) =
1

n

n∑
i=1

g(Yi, Zi)− E[g(Y,Z)], ψ(T, g) =
1

n

n∑
i=1

f∗ (g(Yi, Tz(Xi)))− E[f∗(g(Y, Tz(X)))],

and s(T, g) = E[g(Y,Z)]− E[f∗ (g(Y, Tz(X)))].

With these terms, we can write

L̂z,n(T ) = sup
g∈Gn

[
s(T, g) + α(g)− ψ(T, g)

]
, and Lz(T ) = sup

g∈Gn

s(T, g).

This leads to the following chain:

sup
T∈T

∣∣∣L̂z,n(T )− Lz(T )
∣∣∣ = sup

T∈T

∣∣∣∣∣ supg∈Gn

(s(T, g) + α(g)− ψ(T, g))− sup
g∈Gn

s(T, g)

∣∣∣∣∣
≤ sup

T∈T
sup
g∈Gn

|α(g) + ψ(T, g)|

≤ sup
g∈Gn

|α(g)|+ sup
T∈T

sup
g∈Gn

|ψ(T, g)| . (34)
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It remains to control the two terms in (34). For the first term, standard symmetrization
arguments imply

E[ sup
g∈Gn

|α(g)|] ≤ 2EY n,Zn,ϵn

[
sup
g∈Gn

1

n

n∑
i=1

ϵig(Yi, Zi)

]
= 2R(1)

n (Gn).

Finally, the uniform boundedness assumption on Gn implies that the random variable
supg∈Gn

1
n

∑n
i=1 ϵig(Yi, Zi) satisfies the bounded difference property. Hence, an application

of McDiarmid’s inequality leads to

P

(
sup
g∈Gn

|α(α)| ≥ 2R(1)
n (Gn) + bn

√
2 log(8/δ)

n

)
≤ δ

4
. (35)

Next, to bound the second term in (34), we use the shorthand mT,g(x, y) = f∗(g(y, Tz(x)),
and let Mn = {hT,g : g ∈ Gn, T ∈ T } denote the associated function, and obtain the
following (dropping the subscript from mT,g):

E[sup
T,g
|ψ(T, g)|] = E

[
sup

m∈Mn

∣∣∣∣∣ 1n
n∑

i=1

m(Xi, Yi)− E[m(X,Y )]

∣∣∣∣∣
]

≤ 2EXn,Y n,ϵn

[
sup

m∈Mn

1

n

n∑
i=1

ϵim(Xi, Yi)

]
,

by another application of the symmetrization technique. Next, observe that by defini-
tion, u 7→ f∗(u) is Lipschitz with constant A1,n, and thus using the vector contraction
lemma (Fact A.1), we obtain

EXn,Y n,ϵn

[
sup

m∈Mn

1

n

n∑
i=1

ϵim(Xi, Yi)

]
≤ 2A1,nEXn,Y n,ϵn

[
sup
T,g

1

n

n∑
i=1

ϵig(Yi, Tz(Xi))

]
= 2R(2)

n (Gn, T ).

Finally, observing that each |f∗(g(Yi, Tz(Xi)))| ≤ A2,n by assumption, another application
of McDiarmid’s bounded difference inequality gives us the required concentration result:

P

 sup
g∈Gn
T∈T

|ψT,g| ≥ 4A1,nR
(2)
n (Gn, T ) +A2,n

√
2 log(8/δ)

n

 ≤ δ

4
. (36)

Combining (35) and (36) give us the required 1− δ/2 probability bound claimed in (7).

C.2.2 Proof of (8)

The proof of (8) requires a careful truncation idea, as the squared loss function can be
unbounded. We begin with the simple decomposition for some Kn > 0:

sup
T
|L̂y,n(T )− Ly(T )| = sup

T
|L̂Kn

y,n(T )− LKn
y (T )|︸ ︷︷ ︸

:=Term1

+sup
T
|L̂y,n(T )− L̂Kn

y,n(T )|︸ ︷︷ ︸
:=Term2

+ sup
T
|LKn

y (T )− Ly(T )|︸ ︷︷ ︸
:=Term3

. (37)

We will bound the three terms in (37) separately.
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Bound on Term1 in (37). Let us introduce the function ϕy(u) = ∥ΠKn(u) − ΠKn(y)∥2,
and its centered version ϕ̄y(u) = ϕy(u)− ϕy(0). Then, observe the following:

Eϵn

[
sup
T∈T

1

n

n∑
i=1

ϵiϕYi(Ty(Xi))

]
= Eϵn

[
sup
T

1

n

n∑
i=1

ϵiϕ̄Yi(Ty(Xi)) +
1

n

n∑
i=1

ϵiϕYi(0)

]

= Eϵn

[
sup
T

1

n

n∑
i=1

ϵiϕ̄Yi(Ty(Xi))

]
+ Eϵn

[
1

n

n∑
i=1

ϵiϕYi(0)

]

= Eϵn

[
sup
T

1

n

n∑
i=1

ϵiϕ̄Yi(Ty(Xi))

]
, (38)

since each Rademacher random variable ϵi is independent of Yi. Thus, we can conclude via
the standard symmetrization argument that

E [Term1] ≤ 2E

[
sup
T∈T

1

n

n∑
i=1

ϵiϕYi(Ty(Xi))

]
≤ 2E

[
sup
T∈T

1

n

n∑
i=1

ϵiϕ̄Yi(Ty(Xi))

]
.

Now, we can verify that the functions ϕy(u) are 4Kn Lipschitz globally, which implies that
we can apply the (scalar) contraction lemma to get

Eϵn

[
sup
T∈T

1

n

n∑
i=1

ϵiϕYi(Ty(Xi))

]
≤ 4KnEϵn

 sup
T∈T

∥ui∥≤1

1

n

n∑
i=1

ϵi⟨ui, Ty(Xi)⟩

 = 4KnRn(Fy).

Plugging this into (38), we get

E[Term1] ≤ 8KnRn(Fy).

We can translate this expectation result into a high probability deviation bound via the
standard bounded difference concentration inequality. In particular, by construction, the
functions involved in Term1 satisfy a bounded differences property with parameter 2Kn,
which implies the following

P
(
Term1 ≥ 8KnRn(Fy) + 4K2

n

√
2 log

(
8
δ

)
n

)
≤ δ

4
, (39)

by an application of Mcdiarmid’s inequality.

Bound on Term2 in (37). From the definitions of L̂Kn
y,n and L̂y,n, we observe that

L̂y,n − L̂Kn
y,n ≤

1

n

n∑
i=1

∥Ty(Xi)− Yi∥21∥Ty(Xi)∥∨∥Yi∥>Kn

≤ 1

n

n∑
i=1

2∥Ty(Xi)∥21∥Ty(Xi)∥>Kn
+ 2∥Yi∥21∥Yi∥>Kn

≤ 2

n

n∑
i=1

∥Ty(Xi)∥2+β

Kβ
n

+
∥Yi∥2+β

Kβ
n

,
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where the last inequality uses the fact that 1A>B ≤ (A/B)β. Thus, the assumption on the
(2 + β) moment of Ty(Xi) and Yi together imply that

E[sup
T
|L̂y,n(T )− L̂Kn

y,n(T )|] ≤
4Ry

Kβ
n

. (40)

For a given δ > 0, we then apply Markov’s inequality to conclude that

P
(
sup
T
|L̂y,n(T )− L̂Kn

y,n(T )| >
16Ry

Kβ
nδ

)
≤ δ

4
. (41)

Bound on Term3 in (37). The same argument that we used to obtain (40) is also appli-
cable to this term, and we can conclude that

sup
T∈T
|Ly(T )− LKn

y (T )| ≤ sup
T

E[∥Ty(X)− Y ∥21∥Ty(X)∥2∨∥Y ∥2>Kn
]

≤ sup
T

2
(
E[∥Ty(X)∥21∥Ty(X)∥2>Kn

] + E[∥Y ∥21∥Y ∥2>Kn
]
)
≤ 4Ry

Kβ
n

.

(42)

Combining (39), (41), and (42) with (37) and (33), we get the required result.

C.3 Proof of Proposition 8

The general outline of the proof is similar to that of Proposition 18. For any T ∈ T , let γT
denote Df (P ∥ QT ), and observe that for any g ∈ Gn, we have

∆(T ) = Df (P ∥ QT )− sup
g∈Gn

{EP [g]− EQT
[f∗(g)]}

= (EP [g
∗
T ]− EQT

[f∗(g∗T )])− sup
g∈Gn

{EP [g]− EQT
[f∗(g)]}

≤ (EP [g
∗
T ]− EQT

[f∗(g∗T )])− (EP [g]− EQT
[f∗(g)]) .

Next, we subtract and add the clipped version of g∗T , denoted by ḡT , to get

∆(T ) ≤ (EP [g
∗
T − ḡT ] + EP [ḡT ])− (EQT

[f∗(g∗T )− f∗(ḡT )] + EQT
[f∗(ḡT )])− (EP [g]− EQT

[f∗(g)])

= (EP [g
∗
T − ḡT ] + EQT

[f∗(ḡT )− f∗(g∗T )]) + (EP [ḡT − g] + EQT
[f∗(g)− f∗(ḡT )])

:= C1(T ) + C2(T, g).

The first term C1(T ) is the “clipping error” and satisfies the inequality

C1(T ) ≤ EP [(|g∗T | − bn)+] +A1,nEQT
[
(
|g∗T | − bn)+

)
].

In the above display, we have used the fact that |g∗T − ḡT | = (|g∗T |− bn)+ and that f∗ is A1,n

Lipschitz on [−bn, bn].
To analyze the term C2(T, g), we will consider its behavior inside and outside the ball

BKn , which we denote by C21 ≡ C2,1(T, g) and C22 ≡ C22(T, g) respectively.

C21 = EP [(ḡT − g)1BKn
] + EQT

[
(
f∗(g)− f∗(ḡT )

)
1BKn

],

and C22 = EP [(ḡT − g)1Bc
Kn

] + EQT
[
(
f∗(g)− f∗(ḡT )

)
1Bc

Kn
].
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To bound the term C21, we again appeal to the fact that f∗ is A1,n Lipschitz on [−bn, bn],
and hence we have

|C21| ≤ EP [|ḡT − g|1BKn
] +A1,nEQT

[|ḡT − g|1BKn
].

By definition, we have |ḡT | ≤ bn and |f∗(·)| ≤ A2,n, and also |g| ≤ bn due to the uniform
boundedness of Gn. Together these facts imply

|C22| ≤ bnPP

(
Bc

Kn

)
+A2,nPQT

(
Bc

Kn

)
.

Combining these, we get for any T ∈ T , and g ∈ Gn:

∆(T ) ≤ |C1(T )|+ EP [|ḡT − g|1BKn
] +A1,nEQT

[|ḡT − g|1BKn
] + bnPP

(
Bc

Kn

)
+A2,nPQT

(
Bc

Kn

)
.

Taking the infimum over all g ∈ Gn, and supremum over all T ∈ T , we get

ηn ≤ τ2(bn) + (1 +A1,n)δn(bn,Kn) + (bn +A2,n)τ1(Kn).

Hence, a sufficient condition for this to converge to zero is if τ2 + A1,nδn + (bn + A2,n)τ1
converges to 0. This concludes the proof.

C.4 Proof of Theorem 12

The proof of this result follows closely the proof of Theorem 14 as given in Appendix B.3.
Since we use the same model class T , we can follow the exact argument we used in Ap-
pendix B.6.2 to show that

sup
T∈T

{
Lip(T ), Lip(T−1)

}
≤ J := max

{
(1 + s2)M , (1− s2)−M

}
,

and sup
T∈T
∥T (0)∥2 ≤ J0 :=

(
s
√
H +B

) (1 + s2)M − 1

s2
.

Recall that the terms s,B,H, and M were introduced in Definition 9. Additionally, since
our latent variable Z is a multivariate Gaussian, it follows from the realizability assumption
that the conditions of Proposition 7 hold with all β > 0. To complete the proof, it remains
to verify that Proposition 6 and Proposition 8 hold.

C.4.1 Verification of Proposition 6

To verify this result, we need to control the supervised and unsupervised loss terms, and in
particular, show the existence of un, rn → 0 such that

sup
T∈T
|L̂y,n(T )− Ly(T )| ≤ un, and sup

T∈T
|L̂z,n(T )− Lz(T )| ≤ rn.

Proposition 6 implies that it suffices to check the uniform control over 2+β moment of Ty(X)

over all T ∈ T , and that the Rademacher complexities Rn(Fy),R
(1)
n (Gn), and R

(2)
n (Gn, T )

vanish with n.
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Finite 2+β moment. From the global Lipschitz property of T , there exist finite constants
J0, J such that for all T ≡ (Ty, Tz) ∈ T , we have

∥Ty(x)∥ ≤ J0 + J∥x∥, for all x ∈ X .

Hence, for any β > 0, there exists a constant Cβ depending on J0, J and β, such that

∥Ty(X)∥2+β ≤ Cβ

(
1 + ∥X∥2+β

)
=⇒ sup

T∈T
E∥Ty(X)∥2+β ≤ Cβ

(
1 + E[∥X∥2+β]

)
<∞,

using the finite 2 + β moment assumption on X.

Rademacher complexity Rn(Fy). For any T ∈ T and u : ∥u∥ ≤ 1, observe that

E

 sup
T∈T

u:∥u∥≤1

1

n

n∑
i=1

ϵi⟨u, Ty(Xi)⟩

 ≤ 2JE

[
sup

v:∥v∥≤1

1

n

n∑
i=1

ϵi⟨v,Xi⟩

]
≤ 2J sup

v:∥v∥=1
∥v∥E

[∥∥∥∥∥ 1n
n∑

i=1

ϵiXi

∥∥∥∥∥
]
,

where the first inequality follows from the contraction lemma, and the fact that the map
x 7→ ⟨u, Ty(x)⟩ is J-Lipschitz, and the second inequality follows from an application of
Cauchy-Schwarz. Next, by using Jensen’s inequality and the concavity of the map a 7→

√
a,

we have

E

[∥∥∥∥∥ 1n
n∑

i=1

ϵiXi

∥∥∥∥∥
]
= E


√√√√∥∥∥∥∥ 1n

n∑
i=1

ϵiXi

∥∥∥∥∥
2
 ≤

√√√√√E

∥∥∥∥∥ 1n
n∑

i=1

ϵiXi

∥∥∥∥∥
2
 =

√√√√√E

 1

n2

n∑
i=1

n∑
j=1

ϵiϵj⟨Xi, Xj⟩

.
Since ϵi ⊥ ϵj for i ̸= j, we get the bound

Rn(Fy) ≤ 2J

√√√√ 1

n2

n∑
i=1

E[∥X∥2] = O
(

1√
n

)
,

which converges to 0 with n.

Rademacher Complexities R
(1)
n (Gn) and R

(2)
n (Gn, T ). For the first term, observe that

with Ui = (Yi, Zi) and wi = 1[−Kn,Kn]dx (Ui) and g(Ui) = h(Ui)wi for some h ∈ Hk:

R(1)
n (Gn) = Eϵn,Un

[
sup

h∈Hk:∥h∥k≤bn

1

n

n∑
i=1

ϵi⟨h, k(Ui, ·)⟩kwi

]
≤ bn

n
EUn

√√√√ n∑
i=1

w2
i k(Ui, Ui)

 ≤ bn√
n
,

where the first inequality uses a standard argument for RKHSs presented in details in Ap-
pendix B.6.1.

Next, for any T ∈ T and g ∈ Gn, introduce the terms Ũi = (Yi, Tz(Xi)) and w̃i =
1[−Kn,Kn]dx (Ũi), and observe that

R(2)
n (Gn, T ) ≤ E

ϵn,Ũn

[
sup
T,g

1

n

n∑
i=1

ϵi ◦ g(Ũi)

]
≲
A1,nbn√

n
,

where we used the (scalar) contraction lemma for Rademacher complexities.
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C.4.2 Verification of Proposition 8

We now obtain the terms τ1, τ2 and δn from Proposition 8 for our specific example. Recall
that we are using the notation P ≡ PY,Z and QT ≡ PY,Tz(X)

First, we consider the term τ1, which is equal to supT∈T QT (B
c
Kn

) + P (Bc
Kn

) =
supT∈T QT ({u : ∥u∥ > Kn}) + P ({u : ∥u∥ > Kn}). Equivalently, with the random vec-
tor UT = (Y, Tz(X)) for some T ∈ T , we can handle QT ({u : ∥u∥ > Kn}) = P (∥UT ∥ > Kn)
simply by using the Markov’s inequality as

P (∥UT ∥ > Kn) ≤
E[∥UT ∥2+β]

K2+β
n

≤ R

K2+β
n

,

where the term R follows from the uniform moment condition that we verified using Propo-
sition 7. An exact same argument also works for the term P (Bc

Kn
). Hence, τ1 converges to

0 as long as Kn →∞ with n.

Next, we look at the term τ2 which is defined as

τ2 = sup
T∈T

{
EP [(|g∗T | − bn)+] +A1,nEQT

[
(|g∗T | − bn)+

]}
,

where g∗T is the optimal (unconstrained) critic function (or witness function) in the definition
of JS-divergence. A standard calculation shows that

g∗T = log

(
2vT

1 + vT

)
, where vT =

dP

dQT
.

Next, observe that we g∗T is uniformly bounded from above by log 2, and we can use the
simple inequality

|g∗T | = |log 2 + ℓT − log(1 + vT )| ≤ log 2 + |ℓT |, where ℓT = log vT = log
dP

dQT
.

As a result, for any bn > log 2, we have

(|g∗T | − bn)
+ ≤ (|ℓT | − (bn − log 2))+ ≤ |ℓT |1|ℓT |>bn−log 2.

Now, following the exact argument for the NF case, we know from Lemma 23, that there
exist constants c0, c1, c2 independent of n, T , such that we have

|ℓT (x)| ≤ c0 + c1∥x∥+ c2∥x∥2 for all x ∈ Rd.

If the distribution PX is such that EPX
[∥X∥2] <∞, then, this implies that

EPX
[|ℓT |1|ℓT |>bn−log 2] ≤ EPX

[c0 + c1∥X∥+ c2∥X∥2 : ∥X∥∞ > bn − log 2]
n→∞−→ 0.

Thus, the only condition needed to control the above term is that bn → ∞, and that
EPX

[∥X∥2] <∞. The same argument also works for EQT
[|ℓT |1|ℓT |>bn−log 2]→ 0 due to the

bounded 2 + β moment condition.
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It remains to consider the approximation error term on the ball BKn = {u ∈ Rdx :
∥u∥ ≤ Kn}, defined as

δn ≡ δn(bn,Kn) = sup
T

inf
g

{
EP

[
|ḡT − g|1BKn

]
+ EQT

[
|ḡT − g|1BKn

]}
≤ 2 sup

T
inf
g
∥ḡT − g∥∞,CKn

,

where recall that CKn = [−Kn,Kn]
dx , ḡT is the clipped version of g∗T at level bn, and

∥ḡT − g∥∞,CKn
denotes the sup-norm over the cube CKn . To complete the proof, it suffices

to argue that for every T ∈ T , there exists a gT,n ∈ Gn, such that

∥ḡT − gT,n∥∞,CKn
= ∥g∗T − gT,n∥∞,CKn

≲
Kn√
γn
.

This is ensured by Lemma 24.

C.4.3 Completing the proof

Recall that the statement of Theorem 12 makes the following choices of the various param-
eters:

• Kn =M(s
√
H +B) +

√
dx +

√
2 log n

• γn = K2+ϵ
n for some ϵ > 0

• bn = Cbγ
dx/4
n K

2+dx/2
n

• A1,n ≤ 1 and A2,n ≤ bn
Now, observe that from (8), these choices imply

sup
T∈T
|L̂y(T )− Ly(T )| ≲

√
log n

n
+

log n√
n

+
1

(log n)2/β
n→∞−→ 0

sup
T∈T
|L̂z(T )− Lz(T )| ≲

bn√
n
+ (bn +A2,n)

√
log(1/δ)

n
≲

(log n)dx(
1
2
+ ϵ

8)+1

√
n

n→∞−→ 0.

This ensures that the conditions of Proposition 6 are satisfied by these parameters. To
complete the proof, we will show that the terms τ1, τ2, and δn from Proposition 8 also
converge to 0 for these parameters. As we showed in the previous section,

• τ1 ≲ 1

K2+β
n

for some β > 0, and hence τ1 → 0 with n→∞ since Kn ≍
√
log n.

• τ2 ≲ EP [∥X∥2 : ∥X∥∞ > bn− log 2]+EQT
[∥X∥2 : ∥X∥∞ > bn− log 2] which converges

to 0 as limn→∞ bn =∞.

• Finally, we also showed that

δn ≲
Kn√
γn
≍ 1

K
ϵ/2
n

,

which also vanishes as n→∞.

This completes the verification of all the conditions for the INN example introduced in Sec-
tion 3.2.2.
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Appendix D. Details of Technical Lemmas

D.1 A Truncation Argument

Lemma 25 Suppose U ∼ µ and V ∼ ν denote two random variables taking values in Rj

for some j ≥ 1, and suppose that max
{
E[∥V ∥1+a], E[∥U∥1+a]

}
= R <∞, for some a > 0.

Then, we have the following:

W1 (µ, ν) = sup
f :Rj→R
Lip(f)≤1

∣∣∣∣∫ fdµ−
∫
fdν

∣∣∣∣ ≲ ∆
a

2(1+a) ,

where ∆ = ∥µ− ν∥TV denotes the total variation distance between µ and ν.

Proof Let M ∈ R denote a finite positive real number to be specified later, and let us
define the set E = {x ∈ Rj : ∥x∥ ≤M}. Then, we have the following with g = f − f(0):∫

fdµ−
∫
fdν =

∫
fd(µ− ν)− f(0)

∫
d(µ− ν) =

∫
gd(µ− ν)

=

∫
E
gd(µ− ν) +

∫
Ec

gd(µ− ν)

≤
∫
E
∥x∥d|µ− ν|+

∣∣∣∣∫
Ec

g(x)d(µ− ν)
∣∣∣∣ , (43)

where the last inequality uses the fact that g = f − f(0) is 1-Lipschitz. The definition of E
leads to the following natural upper bound on the first term∫

E
∥x∥d|µ− ν| ≤M

∫
E
d|µ− ν| ≤M

∫
Rj

d|µ− ν| ≤ 2M∆. (44)

The last inequality above uses the fact that 2∥µ − ν∥TV = |µ − ν|(Rd). Next, we consider
the second term in (43), and observe that∣∣∣∣∫

Ec

gd(µ− ν)
∣∣∣∣ ≤ ∫

Ec

|g|(dµ+ dν) ≤
∫
Ec

∥x∥d(µ+ ν) = E
[
∥U∥1∥U∥>M

]
+ E

[
∥V ∥1∥V ∥>M

]
≤M−aE

[
∥U∥1+a1∥U∥>M

]
+M−aE

[
∥V ∥1+a1∥V ∥>M

]
≤M−aE

[
∥U∥1+a

]
+M−aE

[
∥V ∥1+a

]
≤ 2M−aR. (45)

Combining the bounds in (44) and (45), we get

W1(µ, ν) = sup
g

∣∣∣∣∫ gd(µ− ν)
∣∣∣∣ ≤ 2M∆+ 2M−aR. (46)

The function M 7→ 2M∆ + 2M−aR is convex in M , and is optimized at M∗ =
(aR/∆)1/(1+a). Plugging this value back in (46) gives us the required

W1(µ, ν) ≤ 2
(
a

1
1+a + a

−a
1+a

)
R

1
1+a∆

a
1+a := CaR

1
1+a∆

a
1+a .

As a sanity check, note that if the supports of U and V are bounded and a → ∞, we
recover the bound that holds for bounded random variables; that is, W1(µ, ν) ≲ ∆.
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D.2 A Conditional f-Divergence Bound

Lemma 26 Let P,Q denote two probability measures on Y × Z, and for any measurable
set A ⊂ Y, let PY (A) = P (A×Z) > 0. Define the measures

P (A)(dy, dz) =
1

PY (A)
1y∈AP (dy, dz), and Q(A)(dy, dz) =

1

PY (A)
1y∈AQ(dy, dz).

Then, we have the following: Df (P ∥ Q) ≤ 1
PY (A)Df (P

(A) ∥ Q(A)). Note that in general,

Q(A) may not be a probability measure, but the inequality still holds.

Proof Let µ denote a measure that dominates P,Q; for example, we may set µ = 1
2(P+Q),

and let p, q denote the densities of P,Q w.r.t. µ. It then follows that

dP (A)

dµ
(y, z) =

1y∈A
PY (A)

p(y, z), and
dQ(A)

dµ
(y, z) =

1y∈A
PY (A)

q(y, z).

As a result, we obtain

dP (A)

dQ(A)
(y, z) =

p(y, z)

q(y, z)
=
dP

dQ
(y, z) for all (y, z) ∈ A×Z.

Now, by the definition of f -divergences, we have

Df (P
(A) ∥ Q(A)) =

∫
A×Z

f

(
dP (A)

dQ(A)
(y, z)

)
Q(A)(dy, dz) =

1

PY (A)

∫
A×Z

f

(
p(y, z)

q(y, z)

)
q(y, z)µ(dy, dz)

(47).1≤ 1

PY (A)

∫
Y×Z

f

(
p(y, z)

q(y, z)

)
q(y, z)µ(dy, dz) =

1

PY (A)
Df (P ∥ Q),

(47)

where (47).1 uses the nonnegativity of f and q. This completes the proof.

D.3 Proof of Lemma 22

Consider any j ∈ [M ], and let zj(x) = Wj,1x + bj,1 and Dj(x) = diag(tanh′(zj(x))) =
diag(sech2(zj(x))). Since sech2(z) ∈ [0, 1], it follows that 0 ≼ Dj(x) ≼ Idj . Then, we can
verify that the Jacobians of Fj and Gj , denoted by JFj and JGj respectively, are equal to

JFj(x) =Wj,2Dj(x)Wj,1, and JGj(x) = Id +Wj,2Dj(x)Wj,1.

By the assumption that ∥Wj,i∥op ≤ s ∈ (0, 1) for all j ∈ [M ], we obtain

∥JFj(x)∥op ≤ ∥Wj,2∥op∥Dj(x)∥op∥Wj,1∥op ≤ s2 = ρ.

Here we used the fact that ∥Dj(x)∥op ≤ ∥Idj∥op = 1. As a result, all the singular values of
JGj(x) = (Id + JFj)(x) are in the range [1 − ρ, 1 + ρ]. Now, by the chain rule of the flow,
and with x0 = x, xj = Gjxj−1 for j ∈ [M ], we have

JT (x) =
1∏

j=M

JGj(xj−1) =⇒ log | det JT (x)| =
M∑
j=1

log | det(Id +Wj,2Dj(xj−1)Wj,1)|.
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Since for every j ∈ [M ], the singular values of JGj(xj−1) lie in [1− ρ, 1 + ρ], we obtain

Md log(1− ρ) ≤
M∑
j=1

log |det JGj(xj−1)| ≤Md log(1 + ρ).

Note that the above result is uniform in the input x, and uniform over all T ∈ T .

D.4 Proof of Lemma 23

Let Z ∼ N(0, Id), and denote its density by ϕ(z) = (2π)−d/2e−∥z∥2/2. Then, for any
diffeomorphism T : Rd → Rd, we have the following by the change of variables theorem:

pT (x) = ϕ(T (x)) det JT (x).

Since ℓT = log pT ∗/pT , this implies

ℓT (x) = log ϕ(T ∗(x)) + log |det JT ∗(x)| − log ϕ(T (x))− log | det JT (x)|.

Since log ϕ(z) = −(1/2)∥z∥2 − d/2 log(2π), we obtain the following closed form expression
for ℓT :

ℓT (x) =
1

2

(
∥T (x)∥2 − ∥T ∗(x)∥2

)
+ log | det JT ∗(x)| − log |det JT (x)|. (48)

We now establish the uniform Lipschitz constant and the maximum value of {ℓT : T ∈ T }
when restricted to the cube CK = [−K,K]d for some K > 0.

Lipschitz Constant. To derive the Lipschitz constant of ℓT , we look at its gradient at
any x ∈ [−K,K]d:

∇ℓT (x) = JT (x)TT (x)− JT ∗(x)TT ∗(x) +∇ log det JT ∗(x)−∇ log det JT (x).

For each coordinate i, we have

∂xi log det JT (x) = tr
(
(JT (x))−1∂xiJT (x)

)
, and ∂xi log det JT

∗(x) = tr
(
(JT ∗(x))−1∂xiJT

∗(x)
)

(49)

We have already proved in Appendix B.6.2 that

∥T (x)∥ ≤ L
√
dK + C0A, where L = (1 + s2)M , C0 = s

√
H +B, and A =

(1 + s2)M − 1

s2
.

Hence, we get

max
{
∥JT (x)TT (x)∥, ∥JT ∗(x)TT ∗(x)∥

}
≤ L(L

√
dK + C0A).

We now need to analyze the norm of the gradient of the log-det terms in (49). We begin
with the directional derivative along any direction v:

Dv (log det JT (x)) = tr
(
(JT (x))−1DvJT (x)

)
≤ d∥JT (x)−1∥op∥DvJT (x)∥op.
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For any residual block Gj , we know that

∥JGj(u)
−1∥op ≤ (1− s2)−1, and ∥DvJGj(u)∥op ≤ 2s3∥v∥.

On chaining this for T = GM ◦ · · · ◦G1, we get

∥Dv log det JT (x)∥ ≤
M∑
j=1

d

1− s2
2s3∥J(GM ◦ · · · ◦G1(x)v∥ ≤

2ds3

1− s2
A∥v∥.

Hence, we get the required bound

max {∥∇ log det JT (x)∥, ∥∇ log det JT ∗(x)∥} ≤ 2ds3

1− s2
A. (50)

Together, (49) and (50) imply the following for x, y ∈ [−K,K]d:

|ℓT (x)− ℓT (y)| ≤
[
2L(L

√
dK + C0A) +

4ds3

1− s2
A

]
∥x− y∥ =: L1∥x− y∥. (51)

Note that the Lipschitz constant L1 is independent of T , and hence is valid uniformly over
the family T .

Maximum value of ℓT on [−K,K]d. From (48), we know that the value of ℓT at 0 is

ℓT (0) =
1

2

(
∥T (0)∥2 − ∥T ∗(0)∥2

)
+ log det JT ∗(0)− log det JT (0).

From Lemma 22, we know that Md log(1 − s2) ≤ log det JT (x) ≤ Md log(1 + s2), and
from Appendix B.6.2, we know that ∥T (0)∥ ≤ C0A. Combining these facts, we get the
required bound

sup
T∈T
|ℓT (0)| ≤ (C0A)

2 + 2Md log(1/(1− s2)) =: L0. (52)

This fact, combined with the (uniform) Lipschitz constant derived in (51), leads to the
following uniform bound on the maximum value of ℓT :

sup
T∈T

sup
x∈[−K,K]d

|ℓT (x)| ≤ L0 + L1

√
dK.

This completes the proof.

D.5 Proof of Lemma 24

The high-level idea behind the proof is simple: given the function that we want to approx-
imate (i.e., ℓT ), we construct hσ by convolving this function with a Gaussian kernel with
a scale parameter σ2 (to be chosen later). Under certain conditions on σ, we can show
that this smoothed function lies in Hn. Hence, getting a bound on δn reduces to that of
evaluating the discrepancy between ℓT and its smoothed version hσ, which can be obtained
via standard arguments.
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A compactly supported Lipschitz extension. The first step in our proof is to con-
struct a proxy for ℓT that agrees with it on CKn = [−Kn,Kn]

d, and is Lipschitz on the
entire domain Rd. To do this, we define

ℓ̄T (x) =

{
ℓT (x), if x ∈ CKn = [−Kn,Kn]

d,

infy∈CKn
{ℓT (y) + L∥x− y∥} , if x ̸∈ CKn .

We also need to restrict this Lipschitz extension to a compactly supported domain. To do
this introduce the function ν1 : R→ [0, 1], and νd : Rd → [0, 1] as

ν1(x) =


1, if |x| ≤ Kn,

1− |x|/2Kn, if |x| ∈ (Kn, 2Kn],

0, otherwise,

and νd(x) =
d∏

i=1

ν1(xi),

where x = (x1, . . . , xn). With this, we introduce fν(x) = ℓ̄T (x)νd(x). and observe that

Lip(fν) ≤ Lip(ℓ̄T )∥νd∥∞ + ∥ℓ̄T ∥∞Lip(νd) ≤ L1 +
d(L0 + L1Kn)

Kn
≲ Kn,

and ∥fν∥L2 ≤ ∥fν∥∞(4Kn)
d/2 ≲ K2+d/2

n . (53)

The compact support property of fν was important for controlling its L2 norm that will be
used later.

Gaussian Convolution. Fix some σ > 0, and with φσ(u) = (2πσ2)−d/2 exp(−∥u∥2/2σ2),
define the function hσ

hσ(x) = (fν ∗ φσ)(x) =

∫
fν(x− u)φσ(u)du.

Hence, for any x ∈ CKn = [−Kn,Kn]
d, we have

|fν(x)− hσ(x)| =
∣∣∣∣∫ fν(x)φσ(u)du−

∫
fν(x− u)φσ(u)du

∣∣∣∣
≤
∫
|fν(x)− fν(x− u)|φσ(u)

(i)

≤ L1

∫
∥u∥φσ(u)du

(ii)

≤ L1

(∫
∥u∥2φσ(u)du

)1/2

= L1

√
dσ ≲ Knσ.

The inequality (i) uses the fact that the function fν is Lipschitz with constant L1 ≲ Kn

over the entire domain Rd (and not just over CKn like ℓT ), and (ii) uses Jensen’s inequality
for the concave map x 7→

√
x.

RKHS norm of hσ. We know that the symmetric Fourier transform of the Gaussian
kernel is

k̂n(ω) =

(
π

γn

)d/2

e−∥ω∥2/4γn .
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Hence, the RKHS norm of any h with ĥ ∈ L2 is

∥h∥2kn =
1

(2π)d/2

∫
Rd

|ĥ(ω)|2

|k̂n(ω)|
dω =

(γn
π

)d/2 1

(2π)d/2

∫
|ĥ(ω)|2e∥ω∥2/4γndω

≲ γd/2n

∫
|ĥ(ω)|2e∥ω∥2/4γndω

Now, returning to hσ, we know that ĥσ = f̂νe
−σ2∥ω∥2/2, which implies that if σ2 ≥ 1/4γn,

we have by Plancherel’s theorem,

∥hσ∥2kn ≲ γd/2n

∫
|f̂ν(ω)|2e−∥ω∥2(σ2−1/4γn)dω ≤ γd/2n

∫
|f̂ν(ω)|2dω = γd/2n ∥fν∥2L2 ≲ γd/2n K4+d

n ,

where the last inequality uses the L2 norm bound on fν obtained in (53). Hence,
hσ1[−Kn,Kn]d with σ = 1/2

√
γn lies in our function class Hn, and hence reduces our approx-

imation bound to

sup
x∈[−Kn,Kn]d

|fν(x)− hσ(x)| ≲
Kn√
γn
.

This completes the proof.
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